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Tuts volume of the author's mathematical discoveries 
makes its appearance at the request of many able mathema- 
ticians, teachers, and scholars throughout the United States, 
among a few of whom are ; J. M, Gi-eenwood, Superintend- 
ent of Kansas City Schools and President of the National 
Association of Education; N. B. Newsora, Professor of 
Mathematics and Languages at the Kansas State Univer- 
sity, Lawrence; K. P. Baker, Professor of Mathematics and 
Languages, Lamar, and J. C. Shelton, President of Searritt 
College, Neosho, Missouri; P. C, Colburn, Principal of High 
School, Texarkana, Texas ; and L. D. Harvey, State Super- 
intendent of Wisconsin. 

We feel confident that these discoveries and new methods 
for the solution of numerical epilations will meet with the 
approval of all teachers and pupils ; and especially do we 
feel that this volume will be food for new thought by all 
true students of mathematics, — at whose hands we expect 
a just criticism. 

The symbols are such as have been used in prior mathe- 
matical works. The definitions are limited, and a few of 
them new and original. 

The theorems are taken upin their order, and their appli- 
cation in the solution of numerical equations fully illus- 
trated and demonstrated. 

The formation of equations' is fully treated, and the 
binomial theorem briefly stated. 

The Absolute Theorems are of a nature so simple that 
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any pupil who understands the formation of equations and 
the nature of imagiiiaries will have no difficulty in grasping 
their full meaning. 

The roots of quadratics are placed in a new light 

The General Theorem of Imaginary Quantities, in ita 
demonstration and illustrations, fuUy aficouiits for such 
quantities, and gives them a true place and meaning (for 
the iirst time) in the history of mathematics, — thus demon- 
strating that imaginaries are intelligible espressions of 
quantity. We feel confident that the true student of 
mathematics will admit that we have forever settled the 
question of the interpretation of imaginary quantities by 
placing upon them the only true and correct interpretation. 

Theorem 2 is the combined results of Theorems 1 and D, 
and its universal application in the solution of equations of 
all degrees is fully illustrated by numerous examples. 

Theorems 3, 4, and 5 are taken up in their order, and 
their applications fully illustrated in the solution of eq\ia- 
tious of their class. 

The application of the several theorems in determining 
the location, character (real or imaginary), and signs of the 
roots of an equation is fully illustrated ; and the method is 
such that it will convince any impartial student that it is a 
great step beyond the Sturm Theorem; and that in the 
solution of equations of all degrees it greatly excels, in 
brevity, that of any known method. 

Cubic equations are thoroughly treated, and all kinds and 
classes of such equations are given and solved by the new 
method. 

Biquadratics are more thoroughly treated than in any 
prior work of this kind ; and all kinds and classes of such 
equations are given and solved by the new method without 
removing the second term ; and in the universal solution for 
biquadratics will be found the Jiral true general sohtHon ever 
offered for such equations. The mathematical world during 
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a period of over two centuries has been straggling to offer 
a true general solution of the Foui'th degree. Many able 
mathematicians laid claim to such discovery ; and whUe it 
has been generally, if not universally, conceded that a gen- 
eral solution bad been aceomplisbed, the S'ew World now 
challenges the Old in the birth of the universal solution for 
biquadratics. 

Of Pifth degree equations all kinds and classes of such 
equations are givei and solved by the new method; and 
for the first time in the history of mathematics is an alge- 
braic solution given to equations of thia class whose roots 
are all real : and for a further discussion of the Fifth, the 
reader is referred to the universal solution. 

By application of the theorems, if an equation of the 
FifiJi contains all real roots, but approximate, the sum of 
the plus roots and the sum of the minus roots in the forma- 
tion of the equation can be determined; and when this is 
obtained, an algebraic solution lies, because the equation 
can then be separated into a quadratic and cubic, or the 
method reduces the Fifth to an equation of the Fourth. 
When al! the roots of the Fifth are real, but have the same 
sign, the roots are determined without separating the equar 
tion. When the Fifth contains only one real root, but 
approximate, if its Katural cannot be discovered, we give a 
method for ebauging the Fifth to an equation of the Tenth. 
This method of changing the Fifth into an equation of the 
Tenth is worthy the attention and study of all studente of 
mathematics, /or in this (done lies a solution of the Fifth by 
quadratics. If .the Fifth contains but one real root, tbe 
Tenth will contain two real roots, which will be the separ 
rate products of the imaginaiy roots. The Tenth will 
separate into two biquadratics whose roots are all imagi- 
nary and a quadratic whose roots are real ; and the solution 
of the quadratic is the solution of the Fifth from which it 
is derived. 
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These diacoveiies open up a new field for thought; and 
investigation in the solution of numerical equations; and, 
in the opinion of an able teacher, scholar, and mathema- 
tician, should be thormigbly mastered by every pupil who 
studies algebra or geometry. 

The application of these theorems is almost limitless in 
the investigation of simple methods for the solution of nu- 
merical equations. The theorems are suggestive ; that is, they 
call up iu the mind new thoughts, which will be the thoughts 
of the student, and this is the only ti-ne secret to a proper 
shtdt; of inathematics from the lower to the higher branches. 

Eifth degree equations are followed by W. M, H. Wood- 
ward's able discussion of the celebrated Wantzel Theorem. 
Mr. Woodward fidly sets forth the fallacies of the Wantzel 
Theorem, which has, we believe, taken the place of Abel's 
demonstration of the impossibility of the solution by radi- 
cals of equations higher than the Fourth degree. 

The universal solution offers a method by which general 
solutions can be obtained for equations as high as the 
Twelfth degree. 

The general solutions offered here will be found to be 
great helps in the solution of equations of their class ; and 
many equations requiring two or three days' labor to find 
the roots by the Homer method, can be solved in as many 
hoiirs by the methods and general solutions which this 
volume contains. 

In conclusion, we are deeply gi-ateful to the many teachers 
and scholars, and especially to Professor J M C leenwool 
for timely criticism and words of e cotrai;eme t and to 
W. H. Fleming and John V. Flem ug fo ay acts of 
kindness, and for such valuable ass sta e that they 1 ave 
become interested in the publication of tl s ol e Ad 
while the work is entirely our ow e ire thankf 1 to t! e 
who lent assistance in whatever form. 

M. A. McGINNIS. 

NbOSHO, MlPBOURl, 

May 1, ISlOO. 
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Q.E.D. as was to be proved. 
D square of, or squai's. 
IB squares, 
diffs., differences. 
Pure, Pure Im^nary. 
Ileal, Eeai Imaginaiy. 
/(a.-) function x. 
F(x) Fiinctioi) x. 
-h divided by. 

- a divided by b. 



rcsp., respectively. 
»i, sum of roots. 



it Z light angle 

A triangle 

& triangles. 

AB line or side AB. 

P2, sum of products of roots taken two and two. 

Ps< Pi ■'• sum of products of roots taken three and three 

a ~ 6 the difference between a and h. 

~ the difference between, 
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FUNCTIONS OF SQUARES. 



DEriNITIONS. 

1. A Definition is placing within a compass that ivhich 
we are describing. 

2. "Algebra is universal arithmetic," compassed by our 
tnowledge of the science of geometry. 

3. There can be no advancement in the science of algehra unless 
there be an advancement in the science of geometry by the discovery 
of new theorems; for all algebraic processes are established by the 
laws of geometrical reasoning — either consciously or unconsciously. 
When conscionsly, we know the reason and apply the law ; when 
uncojisciously, we apply the law in ignorance of its meaning, 

4. An Algebraic Process is an abbreviated method of arith- 
metical computation, in which letters or cliaraeters are used 
to represent real quantities which we are to detenniae, 

& Quantity is anything that can be measured. 

6. Humber, as the term is used here, is meant to inulude 
one or more units ; as 1, 5, 100, 

7. An Equation is an algebraic expression of equality ; 
as5x = 10; a^-2x = 15; x'-5^0. 

8. Equations ai-e Determinate and Indeterminate. 

9. A Determinate Equation is an algebraic expression of 
equality in which the values of the unknown qnantities ara 
fixed. Tlius, if a; + ^ = 11 when xt/ = 7, x and y can have 
but one value. 

1 
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2 rUNCTIOKS OF SQUARES. 

10. All Indeterminate Equation is an algebraic expression 
of equality in which the values of the unknowii quantities 
may be assumed. Thus, if x + 'y = 7,x and y may take an 
inlinite number of values. 

11. All determinate equations containing two or more unknown 
quantities may be condensed by using but one letter or character, and 
letting the numbers I, 2, S, 4, 5, -■■, written abore and to the 1^ at 
the character or letter, represent the number of unknown quantities to 
be considered. Thus ; x\ a^, a^, a^, — , in which 1, 2, 1!, i, 5, -■-, are 
called indices or powers, and indicate the number of values a 



12. The degree of an equation is the number of unknown 
quantities which the equation contains, and is always indi- 
cated by the highest exponent of the lettei' or character 
used to represent the number of unknown quantities. 

13. An equation containing two values is an equation of 
the Second Degree, and is usually calleii a Quadratic ; when 
three values are considered, we have an equation of the 
Third Degree, called a Cubic; when four values are con- 
sidered, we have an equation of the Fourth Degree, called a 
Biquadratic ; when five values are considered, wo have an 
equation of the Fifth Degree, called the Quintic ; and so on, 
without limit. 

14. The coefficient of the unknotvn quantity is the char- 
acter, letter, or numeral which stands before it, indicating 
the number of times the unknown quantity is to be taken. 
Thus, in 5 x, da? -\-nx-\- q~0,5 i& the eoefhcient of x, and 
shows that x is taken five times, d and n are the coefficients 
of 3!^ and X respectively ; while q may be considered the 
coefficient of a^. 

15. The general form of an equation of the mth degree is 

a;" -H ax"-^ + hx^'-'' H \-h; + q = (}, 
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DEriNITIONS, 3 

in which » may represent any number, odd or even. The 
eoeffleient of x", the fii-st tenn, is 1, not expressed, but 
undei-stood; while a,'b ■-■, I are tlie coefficients of the fol- 
loiving terms, ami q is tlie product of the n factors or roots 
of the equation. 

16. A Root of an Equation is any number, letter, cliar- 
acter, or expression of quantity that will satisfy all the 
expressed conditions of the equation. Thus: in the equa- 
tion a? — &ar' + llx — G = 0, the roots are 1, 2, and 3, 
because if we divide the equation by any one of the expres- 
sions x — i, x — 2, x — 3, the last term will become 0. 

17. A Natural Equation is an equation in the general fonn 
all of whose roots can be accurately expressed. 

18. A Forced Equation is an equation in the general form 
all of whose roots cannot be accurately expressed by present 
known methods. 

19. Wlien we discover a method malting a rational frac- 
tion (that is, a fraction in its lowest terms), a root of 
f(x) — 0, all equations may then be said to be Natural. 

20. The discoveiy of its Natural is pr;ictiu!illy the solu- 
tion of a Forced Equation. 

21. A Real Quantity is an intelligible expression of 
quantity. 

22. An "Imaginary" Quantity, so called, because not 
properly understood at the time its name was coined, is the 
indicated square root of a negative quantity, and as such, is 
properly defined to mean the indicated square root of the 
difference of the squai-ea (with its sign changed) of the 
bases of two right triangles having a common perpendicular 
which is the radius of a circle. 
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4 FUNCTIONS OF SfilTARES. 

23. Imaginary Quantities are properly divided into tlu'eo 
classes: Imaginaiy Origins, Real Imaginaries, and Pure 
Imaginariea. 

24. When the sum of the squares of a pair of such quan- 
tities is a zero quantity, it is an Im,aginury Origin; wheti 
the sum of the squares is a real plus quantity, the imaginary 
is Real ; and when the sum of squares is a minus quantity, 
the imaginaiy is Pure. ± 1 ± V— 1 's the unit of an Imagi- 
nary Oriyin. 

25. The Numerical Sum of the Roots of an Equation is their 
sum when all the roots aro regarded plus quantities. 

26. The Algebraic Sum is the excess of plus or minus 
roots ill the fomiation of an equation; and the algebraic 
sum, pJui or minus the numerical sum, is always an even 
number. 

27. A Proposition is the simple statement of something to 
be done. 

28. The most important of mathematical propositions are 
Axioms, Theorems, Corollaries, Postulates, and Problems. 

29. Axioms are self-eYident truths, requiring no process 
of reasoning to satisfy the mind that they are true. They 
may be said to be inherent principles of a sound mind : for 
he who denies or cannot conceive that "the whole is equal 
to the sum of all its parts," is not of sound mind. 

30. A Postulate is the simple statement that a thing can 
be done ; and like the Axiom requires no proof to satisfy 
the mind that the statement is ti'ue. 

III. ^" An apple can bo divided into four equal parts," is a 
postulate. 
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DKFTNITIOKS. 5 

31- Theorems are propositions requiring proof to establish 
either their truth or falsity. 

III. — "If the sum of the squares of tlie roots of an equation of 
the Second Degree be a minus quantity, the equation contains a pair 
of pure imi^inary roots," is a theorem. It becomes an Absolute 
Theorem, when we understand the formation of equations and the 
nature of imaginaries. 

32. A Corollary is a theorem the truth of wliich becomes 
established by the deuionstration of a, prior tlieorern. 

33. A Problem is a proposed proposition of something to 
be done. 

34. An Angle is the opening between two lines tli;it meet 
in a common point. 

35. A Triangle is a figure that has three sides and three 
angles. 

36. A Right Angle is the opening between two lines that 
meet in a common point forming a square corner. 

37. A Eight Triangle is a figure having three sides and 
one right angle. 

38. An Isosceles Triangle is a triangle having two equal 
sides and equal angles opposite the equal sides. 

39. A Square is a figure bounded by fotrr equal sides and 
having four square corners. 

40. Magnitude (size) is the result of extension, and in- 
cludes lines, surfaces, solids. 

Note. — The definition that quantity is anything that can be meas- 
ured, also is meant to include the determination of quantity by weight ; 
and, strictly speaking, imaginary quantities may be said to be included, 
because they can be measured. 
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b rL^NCTIONS 01' SQirARES. 

41. Theorem I. — Tivice the sum of the squares of two lines 
or nmiibet-s is equal to the square of their sum plus tlie square 
of their diffe^-ence ; three times the sum of the squares of three 
lines or numbers is equal to the square of their sum plus tlie 
s)im of the squares of their differences; four times the sum of 
tli£ squares of four lines or numbers is equal to the square of 
their sum phis the sum of the squares of their differences; Jive 
times tlie sum of the squares of Jive lines or numbers is equal 
to the square of their sum plus the suin of the squares of their 
differences, and so on, without limit. 



T 



any two lines. Then BO iviil 
be represented by llie line DM. 



|H 

lI s 

g, I. 



Then we are to prove that the siiiiare described upon lit! + the □ 
of BG = twice th^ D ot AG + twice the □ of AB, or Uiat 2 AC^ + 
2 AB' = DB^ + BG\ 

Upon the line BE construct tlie Q DEFO. Upon BE, the side of 
the □ DEFQ, lay off DO - A C, and coiiKtriict the Q J) OHI ; and 
upon F&, the side of the D DEFG, lay off FK = AC, and coiistruot 
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THEOIIEM I, 



the □ FKLT. Then we have by oonstriiction the additional Q GETS 
and KOIW, which ave eadi equal to the SQiiare described upon AB ; 
for tlie side DE is, by hypothesis, equal to AG ^ AB; and DC, by 
construction, is equal to AG. .■. If we take from the aide DE the side 
DC=AC, there will remain CE = AB. We now have twuie the 
square AB and twice the square AC 4- the square SHJVL, whicli, by 
construction, is equal to the square descrilwd upon BG, tlieir difference. 
.■. If we add to □ DEFG, tbe Q SHIVL, we have 2 AJ? -f- 2 AO^ = 
Se' + BG'. Q.h.i>. 

42. To prove the theorem for n lines or numbers, let a, 
b, c, ■■■, I, in represent n lines or immbers; and (n^ + b^ + c^ 
■j- ■■■ + P + m^) represent the Sitin of the sqtiares of the 
» lines or numbers. 

Then we are to prove that «(«''+ 6^ + c°H +P + m^) = 

(a + b+ c+ ■■■ +l + iny + the sum of the squares of the 
differences of the ?( lines. 

(i.) The square of difference of two lines or niunbers is 
equal to the sum of tlie squares of the lines or numbers 
diminished by twice the rectangle of the lines, or twice the 
product of the numbers. [See any algebra or geometry,] 

(ii.) Since we have in n times the sum of the squares of 
the n lines or numbers, not only the square of their sum, 
brrt the sum of tbe squai'es of the differences of the n lines, 
each line must appear as many times as there are other lines 
to compare with it, or in all, {« — 1) times. 

(iii.) .-. The sum of the squares of the differences of the 
n lines or numbers is equal to 

(n-l){a^ + b''- + c' + - +l' + ■>n^)-~(2ab + 2 dc + ■■■ 
+ 2al-l-2am + — + 2bc + --2bm + 2bl+---+2 Ini). 

(iv.) (a + b + c+-+l + my = (a'+b'+c^+-+l' + m^) 
+ (2«;< + 2nc+ —2al+2mn+2bc+- ■■•2bm+2bl4- ■■■2lm}. 

(v.) Adding (iii. and iv.), we have 
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8 FUNCTIONS OF SQUARES. 

(vi.) n (a^ + 6° + c° + •■■ + i' + in^) — the square of the 
Sam of the n lines or numbers + the sum of the squai'es of 
the differences of tiie n lines or numbers, cj.e.d. 

(vii.) To prove the theorem for (n + 1) lines or numbers, 
let us introduce another line or number, say (. 

43. Then we have, according to the theorem, 

(viii.) {n + 1) (ft' + 6= + c^ + ... + e= + ..■ +P + m' + ^ 

= la + b + c-] \-e-\ \- 1 + m, + tf + ih-e sum of the 

squares of the differences of the (h + 1) lines or numbers. 

(ix.) (a + b + c+-+e+-+l + m + iy = a^ + b' + c^ 
+ ... + e'4- — +P+m'+f + 2ab + 2«c + ■■. + 2ae + -. 
+ 2al + 2am + 2at-i--+27it. 

(x.) The sum of the squares of the differences of the 
()( + 1) lines or numbers is equal to 
^(a'' + l.' + .f+:- + e^+- + l? + m' + f)-i2ab + 2ac 

-\ i-2ae-\ ['2al + 2am + 2at + ]-2mt). 

Adding (ix. and s.), we have 

(n + l)ia? + 6^ + c^ + ... +e'+ -. + f + M' + f)^ -, 

which proves the theorem for (n + 1) lines or number's. 

Thus we have sho\vu that the theorem holds good for two 
lines, for n lines or numbers, and for (« + 1) lines or num- 
bers. Therefore, if the theorem holds good for two lines, 
for n lines or numbers, and for (n + 1) lines or numbers, i' 
will hold good for (n + 2) lines or numbers, and if th. 
theorem holds good for two, n, n + 1, and (n + 2) lines o» 
numbers, it will hold good for {n + 3) lines or numbers. 
Therefore the theorem holds good for any number of lines 
or numbers. 

44. To illustrate the application of the theorem numeri- 
cally, take the numbers (i and 8. 
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THEOREMS ALGEBRAICALLY DEMONSTRATED. 9 

Here we have two munljers. The sum of their squares 
wUl be 6^ + 8= = 100. Then, according to Th. I, 

100 X 2 = (6 + 8)H (8 - 6)^. 
100x2 = 200. {b + 6)°=14^ = lK> and (8 - 6)^ = 2^ = 4, 
.-. 200 = 196 + 4 

Let 14 = sum of a of three numbeis, 14 x 3 = 42 = D of 
sum of numbers + hiiiu of D of the difEerenees of tlie num- 
bers. (Th. I.) The side of the greatest D in 42 whose 
side is integral is b, = tlie lum oi the three numbers. 
.-. 42 - (6)^ = 6 = -.um of the H of the differences of the 
numbers. There being thieo numbers, there are three dif- 
ferences, the sum of w ho&e S = b 0x3 = 18 = D of 
sum of differences + sum of H of the differences of differ- 
ences. The side of the greatest n m 18, whose side is 
integral, is 4—, which is the sum of the differences of the 
three numbers \ii hose sum of [I] = 42 4-t-2=2 = the 
difference between the first and thud number taken in the 
order of their magnitude. .'. 1, 2, aiid 3 are the numbers, 
and 1*-|- 2"+ 3^= 14 ; and 14 x 3 = 42 = (1 -|- 2 + 3)"+ (3 -1)= 
-I- {2 — 1}' -I- (3 — 2)", which illustrates the application of 
Th. I to three numbers. 

In the same way the student can apply the theorem to 
any number of integers. 



THEOREMS ALGEBRAICALLY DEMONSTRATED. 
45, Theorem A. — TJie squai-e described upon the sum of 
wo lines diminished by twice tlieir rectangle is equal to the 
fwm of their squares. 



: (a + h)^-2ab = 



I [See any algebra.] 

[Takmg2from ].] q.e.d, 
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PUjrCTIOKS OF SQUARES. 



46. Theorem B. — Tlie square deserihed upon Ike difference 
of two lines plus twice the rectangle of the lines is equal to the 
stim of their squares. 



Adding (1) and (2), wo liave a^ -^ b^ = (a -by + 2 ah. q.e.d. 

Theorem C. — The square described upon, the sum. of two 
lines diminished by four tiines the rettangle of Oie lines is 
equal to the square of their difference. 

Dem. 1. (n + by = a^ + b^ + 2 ab 



Taking (2) from (1), we liave «^ + &« - 2 «6 =^ (a ~ i)=. q.e.d. 

47. Theorem D. — T/te square described upon the sum of 
any number of lines diminished by twice the sum of their reo- 
tangles, taken two and two, is equal to tlie sum of their squares. 

Dbm, —Let (a + h + e + (l-\ h I + m) represent tlie sura of « 

lines, in which a, b, c, ■■■ represents any magnitude, great or small, 
and n ajiy number of such magnitudes. 

Then we ate to prove that (a + h + c + d + — + I + my -(2 ab + 
2 oc + - + 2 Im) = «^ + 6* + c2 + ^ + ... + P + ni3. 

It has been shown that (a + by — 2ab = a^ + b^. (Tb. A.) 

The square of the sum of » lines is equal to the sam of the squares 
of eacli of the lines + twice each line into the sum of the lines that 
follow it. 

.-. (a + b + c + a + — + I + my 

= a^ + b^ + <? + 0^ + - + P + m^ + 2a(b + c + d + ■■■ + l + m) 
+ 2bic + d-i- - + I + m) + 2c(d + - + I -i- m) + 2lm. 

If we take from the right-hand member their equivalent magni- 
tudes, there will remain a* + 6^ + c^-nP + ■■■ + P-|- m^ = to the 
sum of the squares of (he n magnitudes, q.e.d. 

If it hokis gonil for n magnitudes or lines, let us introduce 
another magnitude, say u Then, let n + I = k magnitudes, and 
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(a + b + o + d+ hl + m + o) will represent tlie sum of re + 1 or ft 

m^nitudea. Tlien will the square of the sum of k magnitadea be 
equal to 
a^+b^ + ^ + ^+... + P + m^ + o^ + 2a<ib + c + - + l+m + o) 
+ -2b(c + d + - + l + m + o)+-+2mo. 
And if the right-hand member be reduced by its equivalent magni- 
tude, there will remain a^ + fi^ + i:^ + ^ + — + P + m'' + o'^ = the 
sum of the squares of h magnitudes or lines, q.e.b. .'. If tlie theo- 
rem holds good for re magnitudes or lines, and for « -H 1 magnitudes 
or lines, it will hold good for any number of lines or magnitudes, q.b.d. 

48, Theorem E. — The square described upon the difference 
of any number of lines so combined as to form one difference, 
minus invice the sum, of the rectangles of such lines, is equal to 
the sum of the squares of the lines. 

Dbm. — (i.) Let ((H- 6 -I- e -t- - <f -1- +-e + -)--i + -in) 

represent the diSerence of n lines, in which <t, 6, c, — <l, ■■■ represent 
any magnitudes or lines great or small, and re any number of such 
magnitudes or lines so taken. 

(ii.) Then we are to prove that the square described upon 

(a + b + c + ~a + + -e + -f.-1-f _Hi)2 

-(2ah + 2m + -2ad + -Uae + - + 2lm) 
= a2 + 63 + oS + cp + ... 4- e2 + - + P+m''. 

(iii.) We have shown that the sum of the squares of re lines is equal 
to the square of their sum minus twice the sum of their rectangles 
taken two and two. (Th. D.) We have also shown that the sum of 
the squares of two lines is equal to the square of their difference plug 
twice their rectangle. (Th. B.) 

(iv.) The square of the difference of n lines so combined as to make 
one difference, is equal to the sum of the squares of the u lines dimin- 
ished by twice the sum of the rectangles of such lines taken two and 

.: {a + b + e + ~d + e + - - +- I + -m)^ 

(v.) =a^ + l^ + e^ + a' + — + e^ + — + t^ + 'a>^ 

+ (2ab + 2ac + -2aa + + 2lin). 

(vi.) Twice the sum of their rectangles two and two 

= (2ab + 2ae+-2a(I + + -2ae+~ — -i- 2!m}. 
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Subtracting (v. and vi.) we have («= + 6^ + c= + (!= + ■- + e^ + — 
+ i" + fa^)= the sum of theic squarea. q.e.i). 

[The demonstration can be carried furtlier by introducing another 
line (letter) as in Dem. of Th, D.] 

49. Theorem F. — Tlie squam described upon tlie sum of 
any mimber of lines diminished by the sum of the squares of 
tlie lines is equal to ttvice tli£ sum of the rectangles of the lines 
toAen two a)i(i tioo. 

Dem. — Let (o + ft + c-fdH l-f + w) represent tlie sum of n 

lines, in which a, S, c, d ■■■ represents any magnitude, integer, or line, 
and n tlie number, or any number of such lines, magnitudes, or 
integers. Tlien we are to prove that 

(a + b + c + a + - -i- I -i- my ~i<i^ + b^ + c^ + 'I' + - + P -i- m') 

= 2 («6 + Bc + (((J + ■■■ + ;™)- 

= o2 + &2-f c2 + (Fi+ .-. + P4-m' + 2a6 + 2ac + 2ad + .■. + 2ini. 

(Th. D. ) If the sum of the squares of the n lines be taken from 

n-i + fi2 + c^ + rfi^ (-;2_)_„(2_|.2([t+ — Y2lm, there will remain 

2«6 + 2 oc + 2 aii + — \-'ilm = twice («6 + ac + iid + — \- hn). 

CoK. 1. — Tlie square described upon the sum of auy 
number of lines, diminished by four times the sum of the 
rectangles of the lines taken two and two, is equal to the 
sum of the squares of the lines, minus twice the sum of 
their rectangles taken two and two. 

50. Theorem G. — If the sum of the squares of any three 
given lines be reduced by a certain magnittide, and tlie sum of 
their recta/ngles, taken two and tvjo, he reduced by a like mag- 
nitude, tlie sum of the differences of sucJt lines will remain 
unchanged, and the square of the sum of suck lines wUl be 
reduced by three times such magnitude. 

Dbm, — Let /I, b, and c represent the lines, and I tlie sum of their 
squares, and m the sum of thoir rectangles taken two and two. 
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We tJieii liaye 

. I # + 6^ + (? = i, and 
'•^■-' ( ab + (to + 6c = m. 
1. Z X 1 = 51 = square of sum + sum of squares of differences of 
Unes. (Til. I.) 

3. 2 X i - 2 X nt = 2 i - 2 m = sum [U o£ differences. (140.) 
•A. .: 8I-(3i-2m)=I + 2m^(a + 6 + c)2, 

Let I and m be each reduced by t. We now have 
, ^ ( «a + 6» + c2 = ! - (, and 

4. (;-0>:S = 3i-8«=(a + 6 + e)^ + sum[l]of diffs, (Th.l,) 

5. 3x (!.-0-2(m-0=2i-2m. 

6. .-. (2) = (5). Q.E,D. 

7. 3i-(3I-S() = 3(. [TdkuiRifi il] yLF 

CoE. 1. — Increasing the sum of =ir[iiare&, and sum of 
rectangles taken two and two ly like magnitudes, mcieases 
the square of their sum by thrpc times suth magnitude, 
while the square of tlieir sum ut difteiem.es will remain 
unchanged. 

51. Theorem H. — If the sum o_f the squaiet, of any thiee 
given lines be increased by a certain magnitude, and the sum 
of their rectangles taken tuo and two remain uncJmnged, the 
square of t!ie sum of such Imes uill be mcieased hy such 
itiagnitude, and the sqitaie oj tJieii mm nf differences will be 
iTicreased by twice such magnitude 

Dem. — Let a, h, and c represent the Imeb and I the sum of their 



squares, aiid m 
become I + 1. 


the sura of tlieii reUangles taken two ai 
Then 

, , j «2 + &« -f 0= = ; + (, and 

^^' ]a6 + ac+6c-m. 


1. Th. I, 8i + S 


\t={a + b + c)^ + i 


jum [T] of diffa. 


2. 2 (( + ()■ 


~2ir. 


i = 2;-2m + 2( = 


sum [U of difEa. 


3. (a + & + 


Cf: 


= i + 2m. (UO.) 
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i. (3l + St)-(2l~2m + 2f}=l + 2m + t. [Taking 2 from 1.] 

5. .: (l + 2m + t)-Cl + 2m)=t. q.e.d. 

6. -■. (2l-2ni-\-2t)-(2l-2m) = 2t. q.e.b. 

Cob. 1. — If the sum of the squares of thi-ee lines be 
reduced by a certain magnitude, and the sum of their rec- 
tangles two aud two remain unchanged, the squai'e of the 
sum of lines will be decreased by such m^nitude, and the 
square of tlie sum of their differences will be reduced by 
twice ai 



52. Theorem I. — If the sum of the xqnnres of a^ty three 
given Unes rpinam ancliaiiged, and the sum of their rectangles 
taken two and two be wduced by a. certain inagnitiide, the sum 
of squares of differences will be increased by tivice such magni- 
tude, and the nqiiare of the sumofsuch lines will be reducedby 
twice suck magnitude. 

Desi. — Let a, 6, and c represent the lines, and. I the sum of their 
squares, and m tlie sum of tlieir rectangles taken two, and let m 
become m - t. Then we liave 



\ a' + b^ + d^ := I, and 
'^■■^ { ali + ac + he = m -t. 



1. l + 2m=ia + b + cy. (Th. H,3.) 

2. 2 / - 2 m = sum [|] of diffe. {Th. G, 2.) 

3. 3 i = (ffi + 6 + c)^ -f sum of dife. (Th. I.) 

4. 2 1 - 2 (M - t) = 2 J - 2 m + 2 ( = sum [H of difls. 

5. .: Bl -(21 - 2m + 2f) = l + 2m - 2 1 - (a -tb + c)^. 

6. .-. Q + 2m)-(l + 2m -2t)=2t. q.e.d. 

7. .■. {2l-2m + 2t)-(2l-2m) = 2L q.E.c. 

CoK. 1. — If the sum of the squares of any three lines 
remain unchanged, and the sum of their rectangles two and 
two be increased by a certain magnitude, the square of the 
sum of lines will be increased by twice such magnitude, and 
the sum of the squares of the differences of such lines will 
be reduced by twice such magnitude. 
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53. Theorem K. — If tite sum of tlie squares of any four 
lines be reduced by a certain magnitude, and the sum of their 
rectangles taken two and two be reduced by a like magnitude, 
the square of the siim of sue/i lines will be reduced by three 
times sueh magnitude, and the square of Uie stim of differences 
of such lines wiU be reduced by once such magnitude. 

Dbm. — Let a, 6, c, 
squares, and m the s 

, , j «= + 6^ + c2 + (P = I, 
^ '^ \ n = m- 

1. Til. I, 4 X i = 4 i = □ of sum + sum of [I] of diffis. 

2. 3x i-2 xm = 3i-2M = 3uiu[|]of diSs. (UO.) 

3. .-. 4i-(3Z-2Bi)=' + 2™=(a + 6 + c + d)S. 
Let J Ijecome I — t, and m become jj» — t. Tlieu 

, , 1 0= + 6' + K^ + d-2 = i - (, and 

4. Th.l, ix(l-t)=^il-4i = notmm + sum (U of diffs. 

5. 3G-0-2(™-t) = 3I-2ni-< = sum[s]of diffs. 

6. .: il —(il — it) = it = diSs. of squares of sums, and sums of 
di£a. of squares. 

7. (■il-4:t')-8l-2m-t = l + 2m,-3t. 

8. .-. l + 2m~- 3t taken from l+2m = &l, g.E.u. 

9. .■.5l~2m-Sl-2m~t = t. q.e.d. 

Cor. 1. — If the sum of squares and sum of p^ be in- 
creased by a certain magnitude, the square of the sum of 
such lines will be increased by three times such magnitude 
and the square of sum of differences ■will be increased by 
once such magnitude. 

54. Theorem L. — If the sum of the squares of four lines be 
increased by a ceitain niw/nttride, and the sum of their rec- 
tangles remain unchanged, the square of the sum of such lines 
will be increased by once such magnitude, and the square 
of sum of differences mill be mcreased by three times such 
magnitude. 
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Dem. — Let a, b, e, and d represent tlie lines, fuid I the anm of their 
squares, and m the sum. ol their rectangles two aiid two. Tliea will 
\a' + V' + c' + ^ = l, ^uA 
'• ■•' 1 jia = ™, 

1. From Th. K, i i = □ of sum + sum [I] of diSs. 

2. From Tli. K, 3 ; - 2 m = sum of [|] of diHs. 
Let I be increased hy t, then 

I rt^ + 6^ + c2 + d2 ^ i -!- ;, and 
'■^■•' I Pi = n«. 

8. 4(l + i) = 4l + 4t =Qofsujn + sum [I] of difis, 
4, 3(1 + t)- 2m = 31 -2m + Se = sam[si ot dim. 

6. .■.il + it-(Sl + 2m-Sf)=l + 2m + t. 
6.' .-. i+ 2!n4- (>; + 2™, by (- Q,E,n. 

7. .-. 3(-2!Ji + 3J-3;-2ni = 3[. q.e.d. 

Cor. 1. — If the suni of the squares of four lines be 
reduced by a certain maj^nitude while the sum of their rec- 
tangles two and two remain unchanged, the square of the 
sum of lines will be reduced by such magnitude, and the 
square of sum of differences of lines will be reduced by 
three times such magnitude. 

CoK. 2. — If the sum of rectangles of four lines be de- 
creased by a certain magnitude, and the sum of their squares 
remain unchanged, the square of sum of lines will be 
reduced by twice such magnitude, and the square of sum of 
differences will be increased by twice such magnitude. 

CoK. 3. — If the sum of squares of four lines be increased 
by a certain magnitude, and the sum of their rectangles two 
and two be decreased by a like magnitude, the square of the 
sum of auch lines will be decreased by once such magnitude, 
and the sum of the squares of their differences will be in- 
creased hy Jive times such magnitude. 

55. Theorem M. — Tf the mm, of the squares, and the sum 
of ike rectangles taken two and two, of five lines he reduced hy 
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like magnitudes, the square of the ijtm of such lines will be 
rediuced by three times such mctgmtxide, and tlie sum of squares 
of differences wUt be reduced by twice sutJi magnitude. 

Deu. — Let a, b, e, d, and e represent such lines, and I the sum of 
their squares, ajid m the sum of their rectangles two and two. Then 
\ a^ + b^ + c^ + ^ + e^ = I, and 
'■"■' ] Pi = m. 

1. 5 X ; = S Z = n of sum + sum d] of diffs. (Th. I.) 

2. 4 X i - 2 X lii = snm \s} of diffs. =41 -2 m. 

3. 5i-4i-2OT = Z + 2TO = n of »«"!=(<'+ l> + e + d + e)^. 
Let I now become I — t, aiid m, m — t. Then we have 

ia^ + b^ + d' + ^ + e^ = l-t, and 
'•^■■' I P2 =m-t. 

S x(?-()=5'-5' = nof sum + sum [H of diffs. 
i(l- ()_2(m-0 = 4'-2m-2( = 8um[i]of diffa. 
.-. C5;-5()-4I-2m-2( = i + 2ni-3(. 
4r-2ift-2<<4;-2m by 3(. q.b.d. 
l + 2m-l + 2m-St = St. q.e.d. 

OoR, 1. — If the sum of the squares of five lines remain 
nnehaiiged, and the sum of their rectangles two and two be 
reduced by a certain magnitude, the square of the sum of 
such lines ■will be reduced by twice sttch magnitude, and the 
sum of squares of differences of such lines will be incieased 
by twice such mignitude 

Cob. 2. — If the sum of the squares of five Imes be 
reduced by a certain magnitude, and the sum of then rec 
tangles remain unchanged, the square of the sum of inch 
lines will be reduced by ome such magnitude, ind the sum 
of squares of differences of lines will be leduced by four 
times such ma^itude 

Cob. 3. — If the sum of the squares of five lines remam 
unchanged, and the sum of then leetangles two and two be 
increased by a ceitain nii^itule the a ^u tie of sun of lines 
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will be increased by twice such magnitude, and. the square 
of Bum of differences of lines will be reduced by tivice such 



FORMATION OF EQUATIONS. BINOMIAL THEOREM. 

56. Equations containing two or more roots represented 
by one unknown quantity, and in the general form, 

(of' + aaf-' + baf'^ + — + e^ + mx + v = 0), 

are all built in tbe same way, being the continued product 
of the unknown quantity combined with the several values 
(roots) assigned to it. 

If a and b represent two values of x, then x — a = 0. and 
x~b — 0. If we multiply a: — a by a; — 6, we obtain 

x' —(a + b)x + ab = (}. 
Introduce another letter, say c, then a; ~ o = 0, and 
(x-a)(x^b)(x~c} 

= i^-{a + b + c)x' + (ab + ac + bc)x-abc = 0. 
Introducing another letter, say d, then x — d~0, and 
{x-a)(x-b)(x-c)(x~d)=^-<a-\-b + c + rT)a? 
+ (ah + ac + ad+bc + bd-\-cd) x" 
— -{aba + abd + acd + bed) X + abed = 0. 

Introducing another letter (value, root), say e, then x—e = 0, 
and 

(x-a)(x^b)(x-c)(x-d)(x-e) 
= x' — (a + b + c + d + e)X' 

+ (ah + ac + ad + ae + bc + bd + be-\-cd + ce + de) o? 
— {abG+abd+abe+aed+ace+ade+bGd-^bce+bde-\-cde)x^ 
+ {ahcd + abce-\-abde->racd,e-\-bcAe)x-'abcAe = (). 
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Examining the foregoing equations, we find the following 
relations to exist : 

(1) The nnmber of terms of each eqimtion is one more 
than the higliest power of the unknown quantity. 

(2) The exponent of x decreases by one with each succes- 
sive tenn, and that the last term ia the product of all the 
letters or roots, and may be considered the coefficient of a?. 

(3) That the coefficient of the Jirst Ui-ni is 1, not 
expressed, but understood. 

(4) That the coefficient of the second term is the sum of 
the several letters (a, 6, c, ■■■) with their sign changed. 

(5) That the coefRcient of the thii-d term is tlie sum of the 
products of the letters taken two and two. 

(6) That the coefficient of the fourth term is the sum of 
the products of the letters taken in pairs of three, or taken 
three and three, with their sign changed. 

(7) That the coefficient of the Jifih tern is the sum of the 
products of the letters taken four and/owr. 

(8) That the last tei-m is the continued product of all the 
letters that enter into the formation of the equation. 

(9) We also notice that when the letters are + quantities 
that the coefficient of the odd powers of x will be +, and 
the coefficient of the even powers of x will be — . It there- 
fore follows that if all the values assigned to k be minus 
quantities, al! the terms of the equation will be +. There- 
fore, when all the roots of an equation are j?lus quantities, 
the tenns of the equation will be alternately -|- and — , and 
when they are all minus quantities, the terms will be all -\-\ 
for if a, b,c, ■■• become — n, ~b, — c, ■■■, 

x + a = (i, x + b = 0, a!-l-c = 0, ■-. 

57. The general law governing the formation of the 

coefficients of complete equations may be stated as follows: 

The coefficient of tlie second term is the sum of all the 
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roots with theit signs changed ; the coeificieiit of third term 
is the sum of the products of the roots taken two and two ; 
the coefficient of fourth term is the sum of the products of 
the roots taken three and three with their signs changed, 
etc. ; and that the last term is the product of all the roots 
with their signs changed. 

58. Should all the letters (roots) be equal, then the 
coefficient of the second term would be represented by 
— 5a, third term coefficient by 10 x (— a)^ = 10(t^, and so 
on, so that an equation of the fifth degree whose roots are 
eqiial may be written 

9^ _ 5 Ha^ + 10 aV - 10 aV + 5a'x-a?^0: 

Examining this last equation, we notice that the exponent 
of X decreases by 1 with each successive term, and that the 
ea^onent of a ina-eases by 1 with each successive term ; and 
that the numerals — 5, +10 are the number of the several 
quantities that enter into the formation of the equation. 
This faet led Newton to the discovery of the Binomial 
Theorem, which, briefly stated, is as follows : 

Take (x + af^ ^^+ 5 ax'+ 10 aV+ 10 ft=3^+ r>a*x + a'= 0. 

59. (1) The leading letter (x) enters all the terms except 
the last, and the following letter (a) all the terms except 
the first. 

(2) The exponent of the leading letter (x) decreases by 
1, while those of the following letter, beginning with the 
second term, increases by 1 ; and the sum of the exponents 
in any term is equal to the exponent of the given power. 
Thus, the exponents of {x + ay will be ar', aX*, aV, aV, 
a*x, ^l^ 

(3) If the coefficient of any term be multiplied by the 
exponent of the leading letter of the same term, and the 
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product divided by the number of such term from the left, 
the result will be the coefficient of the term next following. 
Tims the coefficient of the first term (ar') is 1, of the 
second term ^ — — 5, of the third — -— ^ — 10, and so on. 



60. Expand (x + a)". 

(ic+q)''=x°+«ajf-'+ "^"~''^ <tV-'+ ^'^~-'')'^'''~^) aV-^ 
' 1x2 1x3x3 



»("-!) ^: 



f + nax"' 



1X2 

The above is the general formula for the expansion of a 
binomial. 

If the second term ig plus, the terms are all plus. If the 
second term is minus, the even powers of the leading letter 
will be minus, and odd powers plus. 

61. We have discovered that when the roots of any 
equation are all equal, that the sum of the squares of the 
roots multiplied by the degree of the equation is equal to 
the square of the sum of the roots ; and that the sum of the 
squares of the roots of any equation higher than the second 
degree is independent of the absolute term of the equation. 

62. Equations containing all equal roots in the Natural 
are easily solved, no matter what the degree of the equation 
or magnitude of absolute term. 

Take the equation 

(o) 3!= ~ 2.5 a,-* + 2.5 ic' - 1.25 3? -f- .3125 x-Z = 0. 
Here wo have 

1. (-2.5/-2(2.5) = 1.25 = sumof[i] of roots. (Th. D.) 

2. 1.25 X 5 = 6.25, which = (- 2.5)1 (Th. I.) 

3. .■. Roots ai'e all equal, being -^ of 2.5 = .5. 

4. (.5)* = ,03126 = absolute term of the Natural. 
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6. .-. 3 - .03125 = 2.96875 ; and the real roots of (a) will 
be .5 + (2.96875)*. 

The other roots of this equation will be equal conjugate 
imaginaries, because (.3125)' — 2 {— 1.25 x — 3) = a miuus 
quantity. [See Th. V and Absolute Theorems.] 

63- All determinate equations of two nnknoivn quantities 
can be written in the foi-m of a quadratic. Thus, if 33+;;=ll, 
and xy == 10, we may write a;* — 11 « + 10 = 0. (57.) 

All determinate equations containing three unknown 
quantities may be written in the form of a otitic. 

Thus, if a + b + c — &, ab + ac + bc = 11, and abe = 7, we 
may write the cubic 

:<?-6x' + llx-7 = 0. (57.) 

The same way we write for determinate equations of four, 
Jim, and six unknown quantities, equations of the fourth, 
Jifih, and ai^elh degrees, and so on. 

61. It has been long established by prior mathematicians 
that an equation of the iiith degree has precisely m roots 
and no more. 

65. It is seen that the coefEicients of an equation in the 
general form are the combinations of its roots. The co- 
efficient of the second term being the sum of the roots, and 
the coefficients of the following terms being the sum of the 
combination products in sets of two, three, four, and so 



66. The rule of combinations shows how many products 
enter into each coefficient. 

This rule may be stated as follows : 

The number of combinations of A things taken & at a 
time may be written in the form of a fraction, — writing 
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for its numerator the continued product of 6 successive num- 
bers from A downward; and for its denominator the con- 
tinued product of & euceeasive numbers from 1 upward. 

To Illustrate : Let it be required to iind tlie number of 



combinations in 5 things taken in sets of two, 


, three, four, 


and five. 






In sets of two we have 


5x4 
1x2 


= 10 ; and 


in sets of thi-cc we liave 


5x4x3 
1 x2x3 


^10; and 


in sets of four we have 


5x4x3x2 


= i> ; and 


1x2x3x4 


in sets of five we have 


5x4x3x2x1 
Ix3x3x4x.'i 


= 1, 


which is the continued product of tfie five thing; 


( or numbers. 


EXAMPLES. 


I'lSOI'OSITIONS. 





67. Euild an equation whose roots are 1, 2, 3 ; and one 
whose roots are 1, 2, and — 3; and then build an eiL|uation 
whose roots are the products of these roots talten two and 
two. "What kind of equations do we call them ? 

68. Build an equation whose roots are 1, 6, 3+V2, 
3 — V2. What kind of an equation will yon have ? 

69. Form an equation of the second, one of the third, one 
of the fourth, and one of the fifth degree, having for the 
sum of the squares of its roots. 



70. Form an equation of the second, one of the third, 
one of the fourth, and one. of the fifth degree, all of whose 
roots can be expressed in the form of irrational fractions 
or imaginary quantities. 
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71. Separate into quadratic equations the following bi- 
quadratics : 

x'' + '^ + x' + x + l = 0, 

a!'-2a^~x^ + 2x + S = 0. 

72. Faetoc the following equations, that is, separate 
them into the several binomial factors which build the 
equations r 

x'-ex' + llx-ti = 0, 

3!*-8!J!'-|-24ar'-64a!-|-16 = 0, 

a^-laa^ +'85 a;' - 225 «= + 274 a: - 120 = 0, 

3r'-2ic*-16 = 0, 

af' + 23!'-3a?-33? + 2x + l = 0, 

sf —paf —ps? — p3? —px — (p + 1) = 0, 

63;'-5l3!* + 1603!'-160K= + 51a;-5 = 0. 

73. Find its Natural to each of the following equations ; 

o?~lx + 7 = Q, 

a^-8ar'-|-21a!=-22 9!-|-7 = 0, 

a,' _ 6 k' + 3 3^+ 26 a; - 23 = 0, 

3J+3^_143^-14a^-|-493? + 49iK*-36a!-43 = 0. 

74. Can all the roots of an odd degree equation be accu- 
rately expressed if its roots are not integral ? 

.75, What class of odd degree equations have we shown, 
whose roots can all be accurately expressed when such roots 
are not integral ? 
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TWO UNKNOWN QUANTITIES. FUNCTIONS OF SQUARES. 

76. Application of theorems io the solution of equations 
containing two unknown quantities. 

77. To fiad x and y. 
((1) „-, = 3, 



Solution, (a) (117 x 2 - 32)5 = x-^y = Yo. (Th. I,) 
(6) ,-. 3:=l"-+^ = 0;andi, = H-ll^ = (i, 
f(l) 3;^-/ = 28, 

Solution. 
(a) (10)= X 2 = 200 = 2 *■= + 2 !/ = (i + !/)a + (K - s)^. (Th. I, ) 
(6) 28 x2 = 56 = 23;a_2^!. (From 1.) 
(fi) .: (266)i = 2K = 16. Whence, k = 8 (Adding (a) and (6), and 

taking square root.) 
(iJ) .■- x^-y'^ = Bi~if = 28. Wlieiice, y = Vui - 28 = 6. (Substi- 
tuting the value of u;'^ in (I).) 

Solution. 

(ii) 408 X 2 - (30)' = 38 = (k^;/ - icj^ja. (Th, I,) 

(&) .-. ie5j/-a;!/* = 6=V3e. 

(,) ...^;, = 30j^=18;and^^ = 5^ = 12. 

m .■..=-V^,and^ = p. (From«.) 

(e) .■. -Ji^-l?. Squaring botli sides and multiplying by 2!, 

V J, j,2 18 

(/) ?/' = 8. Whence, y = v^ = 2. 
Substituting the value of y in (d) or (e), we have k = 3. 
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I (2) 2 XI, 

(a) i2i>-^U)i^x + v = 7. 
(6) (25 - 24)* = a; - ?; = I. 
(c).-.. = l±i = 4;. = ^ 



, GiveE i 



\^i^l-l 



1(2) x^ + ar/=.162. 
(«) « + y =f - (Multiplying (1) by xij.) 
(6) a'y + xy^ =^. (MultJplyiDg (a) by xy.) 

(c) .-.^'=162. (2 = 6.) 

(d) .-. zy = 18. (Multiplying (c) by 2 and taking the 

square root of both aides.) 
(«) .■. X -{- y = ^. (Substituting xy in (a).) 
(/) Si-4xl8 = 8=(j;-a)-^. (Tli.C.) 
(?) .-. a!-2/ = 3 = V9. 
(ft) .-. a: = 5i^ = 6, and j( = lr_§ = 3. 



f (n ig + ^Z , a!-y ^lO^ 
81. Givon P -^ 3,-y x + y 3 

[(2) 3;^ + / = 45. 
Solution, (a) 45 x 3 = 90 =(a: + y)^ + (3: - y)^. 
If the Talues of x and ;; are integral, and their diff. is li 
either x or y, the side of tie greatest square (integral) in SI 
their sum. This we see to be 

9 = x-\-y, and m-(9y = f> = (_x -yy. 
Whence x-y = S. .-. 3; = ^^ = 6, and 3r = ^^ = 3. 

Substituting these values in (1), the equation is satisfied. 
3 are rcspeolively the values of x and y. 
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82. Given x-y x + t/ 3 

[ (2) :^ + f = 45. 

SOLOTIOW. 

(a) 2:r;< + 2f = X^(x^~y') = (_x + y)^+(x^yr. (Th. I.) 
(6) 2a3 + 2!^=.00=(* + y)= + C:c-!^)-^. (Th. I.) 
(a) is obtained from (1) by multiplying the equation through by 

(x — y)Qc + ij) = x^ — y% arid (6) ia fomid by multiplying both sides 

of (2) by 2. 

(c) .-. ■'/(a*- j(') = 90. Whence 

(d) x'<-^ = QOx-^~ ^. (Dividing both aides of (c) by Y) 
Adding (2) and (i), we have 

(e) 2 a= = 45 + ^^ = 69^^. Whence 

(/) s^=34i|, and a=\/34g; and j/=(45-34i|)^=(10/3)i. 

83 Given (»="' + ^'-*''' 
1(2) it + )/ = 20. 

Solution. (208 x 2 - 20^)^ = 1 = k - ;/. (Tli. I.) 

...,=t»+i=12, .ncl, = l»;ii = 8. 
2 2 

r(l) ^-/=^m, 

'|(2)a.'s-^/ = l 

SoLUiios. (a) j:^ + «-y — k;/' - j/S = 72. (Adding (1) and (2).) 

(6) x^ + 2xy + iP = ^^. (Dividing (a) by s - !/.) 
x-y 

(c) :t;, = -i^. (Dividing (2) by a; - y). 

^^ ■■■ JT — '^{^zr') = jr^ = '-^~''^"'- (Til. C.) 

(e) .■.x-v = \^ = 2. 

(/) /. K + f/ = v^ - 6. (Substituting (iK - y) in (i) 
and taking the square root of both aidea.) 
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85. Given i /\ ' 

1(2) af-f=l&. 
Solution. 

(o) 70(i X 2=un={x^ + yi)^ + (_x^-y^)\ cni. r,) 

(6) liia-Cie)2 = 115a=(a)24^«y. whence a^ + »;-' = ai. 

(c) (3:2 + j/=) + (3;= - 9^) = 34 + 16 = 2 12 = 50. Whence k = ± 5. 

C<1) x'' + y^~ (^2 _ |/i) = 34 - 16 = 18 = 2 j/^. Whence ^ = ± 3. 



86. 


«™°lc2).- 








Soli 


.1,™. (a) (705 > 
tS) .-. Hr' 
(t) .■. s = 


< 2 -(I?)')* = != + !,■ = 
^=17+^1121. Whence 


.vTm. 






)4-v'aB0.26. 




V8,5-V^8a25. 








(Substituting 


the valiii 


3 of 3: in 2,) 


and y may be citlier + : 


ir — ; bill one cannot be + and the other — , 


87. 


f(l) a? 
Given ^ ' 

1(2) ir 


-f =18. 







Sot.UTios. (a) a;-j/ = S, (Taliing (2) from (1) and extracting 
the square root.) 
(6) # - »^ = 72. (Adding (1) and (2).) 
(c) .■.x + y = U. (Dividing (b) by («).) 

a and y may be hoth + or both — , but cannot have opposite signs. 
f(l) a!= + / = 8.5, 

«=■«"" 1(2; «-,=!. 

Solution, (n) [8.5 x 2 -(l)^]^ = 3: + ?( = 4. (Th. I.) 
(!,)...x = l±i = S; ,,.1^ = 1.5. 



y Google 



TWO UNKI^OWN QUAKTITIBS, ztl 

f(l) ^ + f = 35, 

Solution. 

C«) X ~ ij = Vl — xy. (Dividing (1) by (2), and subtracting xy 
from both sides, and extracting the square root ot botb members.) 

(6) X + y=V7 + Sxy. (DiTiding (1) by (2), adding 3 icy to both 
sides, and taking square root. ) 

(c) .'. VT + Sxy = 5. (6 = 2.) Whence 

(d) 7 + 3 a;y = 25. (Squaring both sides of (c),) 

(e) .: xy = 6. (Transposing and reducing {'!).) 

(/) .-. x — y = \. (Substituting xy in (a), and taking square root 
of tlie right-hand meinbev.) 

{g) :. 3; = - "^ =3; y = 5-^— = 2. (x and y may exchange 
values, but both are plus.) 

f(l) T?-f = 21%, 

Solution. Let x — y = d. 

Then by (137) we write the cubic 
# + 432 <I = 872. Whence tf = 2 = a 
(See solution of cuiiies.) 

\{l)^^ + f = '% 
91. Given ^^ 

((2) X -y =-xy. 

{a)'^K2^bxy=(x^yy-^(x-vy. (Th. I.) 
(6) .-. bxy-{k xyf = (« + s()2 = 5 a^ - 1^- 
(fi) .: x + y=^|5xy-^■ 

(d) x + y =-J^^. (Adding 2xyto both sides of (1), and taking 
the square root of botli members.) 



_ 12 + 2 
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(e) .-. {c = d) 5 xy -^ = ^^ = xy = S. (Multiplying lioth sidps 
by 16, aiid dividing the result by xy,) 

(/) .-. K - 3/ = 2. (Substituting xy in (2).) 

(g) ,-. a + y = 6. (SubaUtuting xy in (c) or (d).) 

2 ' '^ 2 

f(l) 3;+2,=s. 
1(2) a^+f = i. 
Solution, {a) t ■x2 = -2t=(x + y^ -i-(,x^ y)^. (Tli. I.) 

(6) 2 ( - Cs)2 = (K - y)*. Whence j; - y = V2 ( - ^. 



93. Given (W -+^^y + y=^^> 

(a) 133x 3 = 399= (x + V^+y)2 + sum[I] of difis. (Tli, I,) 
(6) 3SH - (19)2 = 38 = sum jT] of cUteedifEs. 

(c) (38 X 3)^ = 10 = sum of diffs. (The side of the greatest 
square whose side is integral is taken from 38 x 3.) 

(d) .■.^x-2y = l0 = x-y = b. (From (d) we readily find 
K = 4, or e, and j/ = S, or 4.) 

Second Solltios. 

(e) K + ^ = 10 — \''xy. (Transposing terms in (1).) 
(/) a? + y^ = 133 - xy. (Transposing terms iu (2).) 

(g) OS3-xy-)x2^2m^'2xy = il9-Vxyy+ix~2/)^. (Th. I.) 
(ft) ,■. SS-\/xy = 228. (Transposing and retlucing (g)-) 
(i) .-. VS^ = 6, whence a^ = 36, 

(j) Substituting the values of Vxy tuid xy in (1) and (2), we have 
« + !/=13, and x^ + f- = S7, 



]3JlIl 



= 9, c 
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94. Problem. — The STiin of the squares of the extremes 
of four numbers in ai'itlimetieal progression is 200, and the 
sum of the squares of the means is 136, What are the 
numbers ? 

95. WJien any four numhers have a common diffm-ence, Ike 
mim of the extremes will equal the sum of the means; also, 
the square root of tlie difference of the sum of the squares of 
the extremes and means, divided by 2, will be their common 
difference. 

SoLHTiON of 04. i ^^ — ~'^^^° = 4 = CQiuinon difference. (06) 

.■, We may write for the ramiliers 



a + i = 2(1, 

(1 + 8 = 8d, 

a + 12 = 4th. 

.-, „2 + (9 +12)2 = 200 = a^ + 12 « = 28. 

«- + ( )+V]' = 28 + Vl^ = G4, 

a + G = 8. 

Whence, a = 6 — G = 2. 

.: 2, 6, 10, and 14 are the numbers. 

96. Problem. — Find six numbers in arithmetical progres- 
sion such that the sum of the squares of the first and sixth 
shall be 148 ; and the sum of the squares of the second and 
fifth shall be 115 ; and the sum of the squares of the third 
and fourth shall be 97. 

)m5=Sn*=^^=VJ:6=oomBonaHl.,.noe. (95) 



difference, find the numbers as in solu- 



97. The sum of the sixth and seventh of seven terms in 
geometrical progression is 96 ; and the sura of the two pre- 
ceding terms is 2i. What are the numbers ? 
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97 a. The sum of any two consecutive t&ttns in geometrical 
progression, divided by the aww of the two immediately pre- 
ceding terms, is equal to the square of titeir raiio. 

Solution oi 97. Letting a, 6, c, d, e, and / represent the terms, 
we tlien have /+ 3 = 96, and d + e = 24. 

.-. l^^ = ^- = i = r^ (the square of their ratio). 

.-. r = 2. .-. 1, 2, 4, 8, 10, 32, and 64 are the nuiHljers. 

97 h. Problems. (1) Wliat would the nunibei's bo in the 
last example, if /+ g = 48, and d -f- e ^ 24 ? 



(2) 


1 >5 = 7. 


(4) 


1 i^ + x!i + !/' = l 


(3) 


iif + t/ = im, 

t 3^ = 51. 


(5) 





(6) A, B, and G meet at a hotel. Says A to B and C, if 
you will give me one-half of your money, I will iave $ 100; 
B says to A and C, give me one-half of yoiir money, and I 
then will have $100; C says to A and B, give me one- 
fourth of your money and I will have $ 100. 

How much money did each have ? 

Can you give an arithmetical solution for 6 ? 

ABSOLUTE THEOREMS. 
• 98. If the sum of the squares of the roots of an equation 
of the second degree be equal to 0, the equation contains a 
pair of imaginary roots; and tlie square of the real part 
of the 'imaginary is numerically equal to that part of the 
root afEected by the radical, with its sign changed. 

- 99. If the sum of the squares of the roots of an equation 
of the second degree be a minus quantity, the equation con- 
tains a pair of pure imaginary roots. 
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100 If tlie sum oftlie squares of the roots of any equcUiou 
be 1 )mmts quantity, the equation contains imaginary roots. 

ICn. If the sum of the squares of the products of the 
loots takeu two and two, three and three, four and four, 
and so on, be, in either case, a minus quantity^ the equation 
cnntiins imajpnaiy loots 

102 If the sum of the squaies of the lOots of an equa- 
tion be equil to 0, the equition confwns imapinary roots ; 
and the sum of the squaies of tlie leal lout-, tf such an 
equibon is numeriLiUv ejuil to the aum of the squares of 
the imaginary roots 

103. Even degi'ee equations who=ie list term is negative 
must have two real roots of oppo'iite sit,ns 

104. When the second teim of in^ eqiition is wanting, 
and the sign of its third teim ^lus the L-[iiit on always 
contains pure imaginary rotts 

105. If the absolute term of an equation be the equa- 
tion is, at least, one degree l>wer than the highest power of 
the unknown quantity. 

106. If the sum of the sqmres of the roots be equal to 
the sum of the squares of the picduct'i of the roots indi- 
cated by the first power of the unknown quintitj the equa- 
tion contains real roots when the 'ium ot the squares is 
plus, and imaginary roots when the sum of the squai'es is 

107. The square of a real root is a plus quantity ; also, 
the sum of the squares of a pair of Eeal Imaginaries is a 
plus quantity ; and the sum of the squares of a pair of Pure 
Imaginaries is a minus quantity. 

ICffi. If the absolute term of any Natural Equation be 
separated into as many factors as the equation contains de- 
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grees, and if the aiim of the squares of such factors be 
equal to the square of the coefficient of the second term, 
minus twice the coefticient of the third term, then will such 
factors be the true numerical roots of such equation, if the 
fiwm of sucJi factors be equal to the ti-ue sum of roots. 

109. If an equation is bnilt according to the general law, 
the true signs and characters of its roots can be determined 
by the relations that exist between the signs of the coeffi- 
cients of the second and third term and absolute term. 

•- 110. An eqiiation of odd degree, if it be true, has an odd 
number of real roots ; and, therefore, must have, at least, 
one real root affected by a sign contrary to its absolute term. 

Ill An equation whose terms are all phrs, and roots 
real, can have no real plus roots ; and if its roots are real, 
and its terms alternately plus and minus, it can have no 
real minus roots, 

112. If an equation of the tJiird degree contains all real 
roots, and in the form of a^ — pa; + g = be so changed that 
q becomes > q, the roots of such an equation will be alter- 
nately increased and decreased, such that the increase in 
sum of roots plus the decrease of roots shall equal the sum 
of increase in roots. Thus, x^ — 7x + G = has for its three 
roots 1, 2, — 3. Should the equation read 3^~7x + 7 = 0, 
then the roots will be >1, <2, >~3; numerical sum of 
roots > 6. The increase in 1 plus the increase in 3 will 
equal the decrease in 2 plus the increase in (J. This law 
will hold good as long as the roots are real. 

113. If the absolute term of any equation be increased 
within certain limits, the roots of such equation will be 
alternately inrreased and decreased, and this law will hold 
good while all the roots are real. If the nquations be of 
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even degree, and its terms alternately pins and minns, or all 
plus, the sum of increases shall eqnal tlie sum of decreases. 

114. If all the terms of an equation of the thii-d degree 
be expressed, and the sum of the squares of its iMots, taken 
two and two, a perfect square, the square root of sum of 
squares of roots, two and two, will be equal to ac-\-bc—db. 
All such equations liave one root equal to the sum of the 
other two roots, 

PivposiHon. Prove that if a + h = c, 



that '^{ab^ + ae -\- be) = ac + bc — ob. 

115. An equation of even degree having its odd terms 
missing, and all its terms plus except the last, can contain 
but two equal real roots of opposite signs, — the other roots 
of the equation being imaginary roots in pairs. Thus, 
3;6 + 4 3,* + 2 :^ - 136 = 0, and 3^ + 4 s^ - 326 = 0, are equa- 
tions of this class. 

116. If any number of lines or integers be arranged in 
the order of their magnitude, so that the difference between 
the first and second shall equal the difference between the 
third and fourth, and the difference between the fifth and 
sixth, and so on, without limit, then will the sum of the 
first and fourth equal the sum of the second and third; and 
the sum of the first and sixth will equal the sum of the 
second and fifth, and so on, without limit. 

117. An equation o£ the sixth degree, whose terms are 
alternately plus and minns, and whose odd terms are miss- 
ing, contains real and imaginary roots in pairs ; and if such 
an equation he formed from the cubic in the fonn of 
a^— pa; + 9 = 0, the roots of such sixth degree equation 
will be double the roots of the cubic; and if the roots of 
the cubic are all real, the roots of the sixth will be all real ; 
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and if the cubic contaiiia real and imaginary roots, tlie 
sixth will contain real and imaginary roots. 

118. Letting a, b, and c represent the roots of an equa- 
tion of the third degree, when a + b = c, then will 

c{a'+b')+b{c'+a')+a{b'+<^)=<^(a+b)+b\c+a)+a\b+c). 

119. If the second and third term of any equation higher 
than the second degree be wanting, the equation contains 
imaginary roots. 

120. An equation of odd degree, whose terms are alter- 
nately pins and minus, may contain imaginary roots; and 
if it be of even degree, the roots may be all real, or all 
imaginary. 

121. If it be found that the roots of any Natural equa- 
tion of even degree are consecutive, or have a common dif- 
ference, the roots of such equation will always sustain the 
same relation to each other, even should the absolute term 
be increased or diminiahed. Thus, 

has for its three roots 1, 2, 3, 4 ; should the absolute term 
be greater or less than 24, the roots will always sustain tlie 
same relation as in the Natural. 

122. If all the terms of an equation of the third de- 
gree be expressed, and alternately phis and minus, or all 
plus, and the sum of the squares of its roots, and sum of 
squares of its roots taken two and two, equal to 0, the equa^ 
tion contains but one real root, which is the cube root of 
absolute term if it be a perfect square. 

123. The middle term of three consecutive numbers and 
numbers having a common ditferenee is equal to one-third 
their sum. 
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124. The sum of the squares of the differences of the 
roots of any equation is equal to the sum of the squares of 
the roots multiplied by the degree of the equation less 1, 
minus twice the sum of the products of the roots taken two 
and two. 

125. Letting a, b, c, d, and e represent the roots of an 
equation in the order of their magnitude, then will the sum 
of the differences of the roots of an equation of the third 
degi'cc be represented by (2 c — 2 a), and of an equation of 
the fifth degree by (4e + 2 rf)-(4 a + 2 &). 

126. The sum of the differences of any odd number of 
integers is always an even number. 

127. If the sum of the squares of the roots of an odd 
degree equation be equal to the sum of the squares of its 
roots indicated by the first power of the unknown quantity, 
the equationis generally called "I'ecurring" or '■ reciprocal"; 
and if the sum of squares of roots is plus, the roots are real. 

128. If the quotient of two numbers be a perfect square, 
their product will be a perfect square. 

129. The sum of the squares of roots, sum of squares of 
products of roots, taken two and two, three and three, and 
so on, are always plus when the equation contains all real 
roots. 

130. If the sum of the squares of the roots multiplied by 
the degree of the equation is numerically less than the 
square of their algebraic sum, or numerical sum of roots, 
the equation contains imaginary roots. 

131. The difference of any two numbers divided by the 
difference of their cube roots, minus the square of the differ- 
ence of the roots, is equal to three times the product of the 
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roots; and tlie pt'oduct of the roots, plus the quotient aris- 
ing from dividing the diiTerence of the mimbers by the 
difference of their roots, is equal to the sqrrare of tlie sum 
of the roots. 

132. Any equation of the fourth degree having the sum 
of the squares of its roots, aiid the sum of the squares of 
its roots taken three and three, in both cases, a zem quan- 
tity, the roots of such eqria,tion will be equal conjugate irnag- 
inanes, unless it be a " reciprocal " equation. 

a:^ - 8 ic' + 32 if" - 64 a; -H 64 = 

is an equation of this class, and can readily be separated 
into two quadratics. 

133. The general equation in the form of 

(A) af — px"-' — pa^-" — paf-" ^-(p + l)=0 

always has (jj + 1) for its real root; and when such an 
equation is reduced by (p + T), it becomes 

(B) x^-' + x''-^ + x'-^ + - + l = 0. 
If (A) be odd, it will contain but one real root, (p + i); if 
it be even, it will contain two real roots, p + 1 and — 1, 
The imaginary roots of all such equations of the third 
degree are always the same, being — — =^ — ^^, and the 
imaginary roots of such equations of the fifth degree being 
i(-l±V5±V_lO±2V5). 

134. If an equation of the third degree have all its tenns 
plus, and the sum of the squares of roots a minus quantity, 
the imaginary roots of such an equation will be plus ; and 
if its terms be alternately plus and minus, its imaginary 
roots will be minus. 

x'-2ar + 3x-7 = anda!''4-2a;^ + 33; + 7 = 



yGoosle 



ARSOLUTE THKOKEMS. 39 

are equations of this class. The roots of such equations 
ai'e numerically the same biit of opposite signs. 

Note. — When reference is made to an imaginary,, as plug or 
mimw, we mean Bueli eonj'ugate iraaginariea tliat liave real parts, and 
tlie initial of tlie imaginary means its real part. 

135. A cubic equation in the form of a? — 2JX + q=0 
may be changed to an equation of the sixth degree by 
changing it to the following form, if — 2py*+p'h^ — q^ — 0, 
in which — 2p is the sum of the squares of the roots of the 
cubic with its sign changed ; p^ is the sum of the squares of 
the products of the roots, taken two and two, of the cubic ; 
— 5^ is the squaje of the absolute term of cubic with sign 



136. If one-half of the sum of the squares of the roots of 
an equation of the fourth degree be a perfect square, and if 
one-third of the sum of the squares of the roots of an equa^ 
tion of the sixth degree be a peiieet square, and so on, for 
even-degree equations, the roots of such equations are the 
sides of right triangles, or isosceles triangles, standing on 
the same base which is the diameter of a circle, and equal 
to the square root of such perfect square. 

137. Four times the difference of tlie cubes of any two 
numbers is equal to the cube of their difference, plus three 
times the square of their sum into their difference. 

138. If twice the sum of the squares of three numbers 
be equal to twice the sum of their products taken two and 
two, the numbers are equal ; and if three times the sum of 
the squares of four mmibers be equal to twice the sum of 
their products taken two and two, the numbers are equal ; 
and if four times the sum of the squares of five numbers be 
equal to twice the sum of their products taken two and two, 
the numbers are equal, and so on, without limit. 
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139. The sum o£ the cubes of the roots of aii equation of 
the third degree may be expressed algebraically as follows : 

Let a? + ma^ + -)ix + q = be an equation of the third 
degree, and, in the general form, in which m, the coefficient 
of a?, represents the sum of the roots, and n the sum of the 
products of roots two and two, and q the product of all the 
roots, then a^ + l^ + c>=:in^ + 3q-3 mn. 

140. The sum of the squares of the differences of the 
roots of any equation is equal to the sum of the squares of 
the roots multiplied by tlie degree of the equation less one, 
minus twice the products of the roots taken two and two, 

141. The sum of the cubes of the roots of an equation of 
the fourth degree in the form of x' + ma^ + 7ix^ + ox + q = 
may be expressed algebraically as follows : 

ra" + i' + c^ + d« = Hi' + 3 - 3 mil. 

THREE OR MORE UNKXOWS QUANTITIES. 

142. Application of theorems in the solution of equations 
containing three or more unknown quantities, introductory to, 
methods for the solution of HigJier Numerical Equations. 

I ft2 + ^2 + c^ = 133, 

[ ab + ac + be = 94, to find values for a, h, e. 

SOLL-TION. 

(a) (133x2)-(2 x94) = 78 = sum[|]of differences. (140.) 
(6) 133 X 3 - 78 = 321 =(a + & -j- c)^ (Th. I.) 
(t) .-. o + &-l-c=17.9104+ = V32T. 

(d) 78 X 3 - 234 = □ of sum of difls. + sum [|] ol the diffs. of difts. 

(e) The side of tlie greatest n in 234, whose side is iutegral, is 15, 
wlildi is rejected (33). 14 is then taken, and we liave 

(J) 2 c - 2 o = 14, (126). Whence c - a = 7. 

(p) c=. 17.9101 -(«+ 6). (From(o),) 

(ft) = 7 + n. (From(/).) 

(0 .-. 2 « = 24.91S4 - 6. (Adding (?) and Qi).') 
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U) c= 12.4582-|. (Dividing (i) by 2.) 
(k) a = 5.4582 - 1. (Taking (ft) from (g) and dividing by 2.) 

(0 Squaring both sides of (J) and (*), and adding S^ to botli 
sides, and substituting for (a^ + b^ + c^), l!i3, and transposing and 
collecting terms, we have 

(ui) 6* - 11.S442 6 = - 34.60579, from which we find 6 = 0.9731+. 
Substituting iu (j) and (&) the value of (6), we obtain a = 1.9721, 
c = 8.9721. 

144. The foregoing (143) illustrates the method in full. 
We will uow show how the woi-k may be greatly abbreviated. 

145. If we increase the sum of aqnareSf and the sum of 
products, each by 1, the sum of differences will remain un- 
changed (Th. G, Cor. 1). If the sam of the squares and 
the sum of the products are each increased by 1 in (143), 
the sum of a + 6 + c = 18. 

-■. 18 - 17.9164 = .0836 = the sum of three equal reductions 
in the original numbers, which, if their sum equals 18, and 
their sum of squares, 134, and sum of products two and two, 
95, will be 2, 7, 9. 

.-. The values of a, b, and c will be ^ of .0836 less than 2, 
7, and 9. 

.-. ft = 2-J. of .0836 = 1.9721+, 

6 = 7 -- ^ of .0836 = 6.9T21+, 
c = 9 - i of ,0836 = 8.9721 + . 
NoTK. — The greater portion of the operation in an example of this 
kind can be performed mentally. 

146. We will now place another condition upon the 
problem, — that of the product of the numbers. Taking 
the equations 

(1) a + & + c = 18, 

(2) ab + ac + bc^ 95, 

(3) abc = 125, 



yGoosle 



42 FUNCTIONS OF SQUAEES. 

we have found that 2, 7, and 9 will satisfy the first and 
second eonditiona of the problem, but will not satisfy its 
third condition: tliat of Us product. TJtf stim of numbers 
and sum of products taken two and two have remained 
unchanged, while their natural product has been reduced 
byl. 

(a) .'. The values of a, b, and c will be < 2, > 7, and < 9 
(113) ; so that <2x>7x<9 = 125, and<2 + >7 + <9 
= 18; and<2x>7+<2x<9 + >7x<9 = 95. 

(i)) These products will be so affected that 14 will be > 14, 
18, < 18, ajid 63, > 63. .-. < 2 x > 7 = > 14, < 2 x < 9 = 
<18, and >7 X<9 = >63. 

(c) As the change of only 1 in the product can produce 
but a slight change in the values (original) of a, b, and c, 
123 -I- > 63 = 1.9 = rt to one decimal place. If we divide 
the remainder by 63 + ^ x -9^, we will obtain the next 
decimal part of a = .07. 

.-. a = 1.97 to two places of decimalt 

(d) 125 -^ > 14 = 8.92 — c to two places of decimals By 
adding the approximate values of a and c togeLhei, and 
taking their sum from 18, we obtain 7 1(1, which is, b to tuo 
places of decimals. 

(e) Having found o, 6, and c to two places of decimals, 
we find the sum of the differences of a, b, and c, thus far 
found, to be 13.90. 

Should we change the equation to a cubic, a-nd approximate 
the 'roots by the Horner method, we cannot find for srnn of 
rootsavahie closer tlian 17.9999+, which will necessitate the 
approximcUion ofeacit root to at least sixplaces of decimals. 

{/) .-. 17.9999 - (1.97 + 7.10 + 8.92) = .0099. If we 
divide .009 by 3, and .0009 by 3', and add the results, we 
will obtain .0031, whicli is the thii-d and fourth decimal place 
in one-half their .^am of differences. 
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(?) ■■■ ^^+ -0031 = 6.9531 = c - a. 

From c — a = 6.9531 we find a, b, and c, as in (143), to be 

a = 1.9717, 

b = 7.1034, 

c== 8.9248, 

each to four places of decimals. 

147. In the solution of {146} we have solved the cubic 
built by (x - 2) (x ~ 7) {x-9) = 

(A) ^- 18a^ + 95a,-- 126 = 0, 

with its absolute term reduced hy 1, so that it becomes 

(B) a;^- 18 31= + 95 a; -125 = 0. 

Note. — It teill be shown in the solution of eublcs that (A) cart 
readily be reduced to a guadratie; and that the solution of either {A') 
or {B) is the simple solution of a quadratic equation; but as all 
equations of the third degree, having all its terms es^ressed, cannot 
be solved bg quadratics without removing second term, the method 
(146) may be used to advantage in cases inhere the roots are all real 
quantities. 

(a + b + c^G, 
14a Given \ ab-\-ac + he = 12, 

[ abc = 39, to find a. b, and c. 
Solution. 

(a) 32 - 2 X 12 = 12 = a'2 + 6^ + c^ (Th, D.) 

(6) 12 X 2 - 3 X 12 = = sum [s] of diffierencea. (124.) 

Their sum equals 6, the sum of their products taken two and two 
= 12 ; bat their product — 8. But 89 Is given as the product of abc. 
Are the va]ues_of a, b, and c all real values ? (12)^ - 2(8 x 39) = 
— 324 = 06^ + ac^ + ft?. .-. Only one of tlie values are real. (101.) 
Then a = 2 + \/(30 — 8). Find h and a. It solves the cubic 
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^a' + f + c'^iS, 
149. Given iab + ac + t'G = 48, 

[ abc = 67, to find a, b, c. 

^OLUTIOS. 

(o) 48x3-2(48) = = sum[s]of ditfs. 

(6) .■. The values of a, b, and c are equal, and 48 4^ 



. (16) 



c. Their product, 64, is h 



5 by 



8 tlian the assumed product. .-. a = i + v'3. The other two values 
(6 and c) are found from a quadratic. 

12 -i- 3 = 4 = either oae of the roots _m the natnral, and \^S indi- 
cates the equation y" = Z, whence y = VS. 

(j» - 3 = 0) -^ (^ — -v^S) ^0 = y^ + ^/Sy+ v^, which solved, gives 

a' + b^ + d' + d^ = r3i, 

(c + d)-(a + b) = G, 
abcd=720. 



Solution. 

(a) 134 >; 3 - 2(175) = 



11 [1] of diffs. (124.) 



(ft) (13i X 4 - 53)* = 22 = a + b + e + d. (Th. I.) 
(«) ...^ = 14 = c + ,i;and^ = 8=« + &. 

(d) (o + d)« + (0 + 6)2 = a^ + fti + c2 -)- ^2 + 2 ffl6 + 2 c(J = 260. 

(e) .-. 2 a6 J- 2 c(f = 126. (Taking from both sides of (d) 134.) 
(/) .-. a& + cd = 63. (Dividii^ (e) by 2.) 

(!/) ab = Q3-cd. (Transposing cd in (/)■) 

(ft) aft = ^. (From problem.) 

"^ 720 

(0 .-. 63-(^ = ^- (Ax. 1.) 

(^) Solving (Q, we obtain ci! = 48, whence aft = 15. 
(ft) i'rom a + ft = 8, 

aft = 14, a = 3, & = 5 ; and from 
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151. Problem. — Wliat woukl be the value of a, b, r., or rl, 
ifab(xl = n9 ? Ifobcd = 13 ? 

■ a^ -h 6' + c= + fi^ + e^ = 151, 
j>« = 237, 

152. Given ttftc — de = — 26, 

(a+6 + o)-{d + e) = -5, 
abcde = 1680, to find a, b, c, d, e. 
Solution. 

(o) 151 x4-2(237) = 130 = sura[s]of diffs. (140.) 
(6) (151 x6-130)* = C625)^ = 25 = a + 6 + c + d + e. 

^ ' 2 2 

(d) a6c = rfe-20. (From problem.) 
, , , 1680 

(/) .-. ,fe - 26 = iy^, whence 
is) <ie = 66. (Solving (/),) 
(A) We now Iiave ,; + e = 16, aud de = 50, from which we find 

CO 151 -(7" + 82)= 38 ^a' + b^ + cK 
(i) 38 X 3 - (10)2 = 14 == sum [I] of difts. 

(k) (14 X 3)^ = 6 = 2 c - 2 a. (By taking side of greatest square 
in (14 X -S).) 

(!) c — = 3, by which we readily find n = 2, 6 = 3, e = 5, 

Problem. — Find the values of a, b, c, d, and e, if tlieir 
product in the foregoing (152) was 1200. 

Ia + b + c = 18, 

153. Given I p^ = 95, 

I aba = 126, to find a, b, and c. 
Solution. 

(a) i^N- a? + 6? = 4480 = 95^ - 2(18 x 126). (Th. D.) 
(P) (448fi)* = ti7 = uc4-6^-a6. (IH.) 



y Google 



4t> FUNCTIONS 01' SQL'AKES. 

(c) (ab + ao + bd) - (ac + be, - 06) = 2 o& =^ 28 = (95 - 67). 

(■a) .: al) = 14, whence c = Jj^ = 0. 

(e) 18 - 9 = 9 = a + 6 ; and from a + 6 = 9, and «& = 14, we find 

154. Given jj, = n, 

[ abc = 6, to find a, 6, c. 
Solution. 

(a) a^+b^ + c' = m = 6'+(,S x(i)-(3 x6xU). (LTO,) 
(6) .■. 1, 2, 3, are respectirely the values of a, b, c, 

155. T/ie sum of the cubes of the first n natui-al numbers, as 
1, 2j 3, 4, 5, •■•, 11, is always eqtiai to the square of their sum. 

It, therefore, follows 

That if the sum of the cubes of tlie roots of any equation is 
equal to the square of their sura, the roots of such equation are 
the first n natural numbers. 

PROBLEMS FOR SOl-UTIOX 

(1) Given "^ ' (2) Given \ ^ 

(x' + y-' + z^^SS, 

(3) Given \ xy + x% .\-yz = 30, 

I xyz = 30. 

(4) Given \z-x = 5, 

<x + y^z, 

(5) Given Ix' + f + z'^Wh 

[ xyz - Yi- 

(6) Given a-j/ + ok + «/^ = -5^, 
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i^{x-yf+{x-zf + {y-zf = ZG, 

(7) Given ^ r" + ;/' + «= ^ 115, 

[x!i + y% — xy = ^7. 
f a^ + / + s" - 0, 

(8) Griven j xy + xz + zij = %, 



(9) Given 



(10) Given 



(13) Giv 



a^ + y + s= + w==54, 
(a. + «;) = (. + y), 



{^ - yf + (x - zy + (x- wf + (y- %f 



= 0, 



= 12, 



sy + z 

xyzwu = 128, 

i3s = 32. 

a--= + / + 3' + w' + (' + »' = ^ 

(^ + «)-(;/ + = C^ + i''), 

3!>/3?.0(l( = 13,000. 

a? + y' + z' + io'^ + u' = QO, 

jjj = 155, 

zu + yu< = 27, 

at2 + a^iu = 20. 



= 0, 



I a;!/sn; = 1, 



(14) Given K2 = -]2 

I. xyzK = - 
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(15) The sum of the squares of the three sides of a tri- 
angle is 434; the difference between the greater and less 
side is 2. What is the length of a line drawn from any of 
the vertices of the triangle to a point within the triangle 
that will be equally distant from the three vertices (corners) 
of the triangle ? 

(16) (a) The product of three numbers in geometrical 
progression is 729. What are the numbers if their sum 
equals 39 ? (6) The product of four numbers in geometri- 
cal progression is 64. What are the numbers if their sum 
equals 15 ? 

(17) An army 25 miles long starts upon a jouxney of 50 
miles ; and at the same time a courier starts from the rear 
to deliver a message to the front. He delivers his message, 
and returns to the rear at the time the army completes its 
journey. How far did the courier travel ? 

(You can solve (17) in ten minutes. Try it.) 

SYNTHETIC MirLTH'LIC AXIOM. 

156. Let it be requirefJ to multiply a; + ffl = hy x-\-b = (i. 

There being two values assigned to x, the highest power 
of X will be -. (13) Therefore 3? will be the first term, and 
its coefficient is 1, not expressed, but understood (56 — (3)), 
The next power of O! will be x', or simply x, the index ' 
being understood. Its coefficient will be the sum of the 
values assigned to x, with tlieir signs dtanged (56 — (4)). 
Therefore, (x ■j-a){x + b) = 

(A) ^ + {a + b)x + ab = (their product being equal to 
0, because ic + ix = and a; -(- J = 0). 

Let us now introduce another value, say —c, in (A); 
then, x + c = 0. We write for the terms of the new 
equation ; 
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3^ for tlie first term 
(a + 6 + c) a:" for the second term 
(c (tt -f- i)) + ab) X for the third term 
(«6 X c + 0)ai° for the fourth tei-m 



(B). 



Adding the terms of (B) and putting the result equal to 
we have 



(Z>). 



(C) CB= + (« + & + c) ar' + (a6 + ac + 6c) a; + o&c = 0. 
Let US now assign another value to x, say —d, anc 
tiply {(J) \iy x-\-d—n, and we have 

a.-* for the first tei'm 
(a + 6 + c + d)x^ for the second term, 
((a-{-b-i-c)d + ab + ac + bc)3?forthetlm-dterm 
iiab + ffc + J-c) d + (ibc) x for the fourth tenn 
(cibc X (f) a,* for the fifth term, 
or absolute to'Hi.. 
Peiforniing the indicated operations, and adding the 
terms of {D), we have 
{E) i^+{a-irh-\-c-\-d)3?+{ab^a'i-\-ad+hc^bd+cd)x' 

+(cdjc+abd+acd-\-bcd)x+ahcd=0. 

Examining {B) we find that it is derived from (A) by 
umltiplying it by (x + c). We notice, 

(1) That 'J?, the degree of equation (C), represents the 
number of roots (values) assigned to x. 

(2) That the coefficient of ^, in (0), ia made up of the 
coefficient of x, in (-4), + c. 

(3) That the coefficient of x, in {€), is made up by 
c X (a 4- &) + a6, ill (A)- 

(4) That the coefficient of aP, in (C), is made up of 
(c X «6 + 0), in {A). 

(5) That the same law of formation of the terms in (P) 
are the same, that of multiplying (C) by {x + d). 
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11 tlie foregoing (B — D) we may deduce the following 



To introdiKx another root in a given equation, 

(1) Itaise the degree of tlie given equation by 1. 

(2) Add Hie proposed root with its sign ckaiiged to the co- 
efficient of the second term of the given equation, for tlie co- 
efficient of tlie second teim of the new equation, — writing for 
the exponent of x, the degree of the new equation, less 1. 

(3) Multiply the coefficient of the second term, of the given 
equation by the proposed root, and add the product to the co- 
efficient of the third term of the given equation, for the coeffi- 
cient of the tliird term of the new equation, — writing for the 
exponent of x, the degree of t/ie new equation, less 2. 

(4) Multiply tite coefficient of the third term of the given 
equation by the proposed root, adding the result to the coefficient 
of the fourth term of the given equation, for the coefficient of 
the fourth term of the new equation, — writing for tJie exponent 
of X, the degree of the ■new equation, less 3. Proceed in like 
manner till all the terms of the given equation are dealt with 
hy tlie pif^osed mot; and placing the new equation equal to 
0, the luorh is accomplished. 

157. From the foregoing rule let us write a general for- 
mula for the introduction of a new root in a given equation. 
To do this, we let 

(F) a:- + inaf-' + nx'-^ + ca"-^ + px— * -I i-sx + q = 

be a general equation of the nth degree in which it is pro- 
posed to introduce another root, say ■; then m + — = 0. 

Multiplying the given equation (F) by x-\-—, we have, by 
the rule, 
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((?) Si-*' + f™ + f) »'" + (v "*" ") "'"' + <" + "' ""' 

Let — — = — », then (x + a) = 0, and multiplying (^) by 
(x + «), we have 
(C) 9!"«+(m+a)a!"+(«TO+'i)^''-'+(«»+o)a;"-^+(c<o+j>)3:"-^ 

+ (ap+o)iB~-'+... + ((is+g)3;+a9=0, 
and the rule is established in its most general form. 

158. To illustrate numerically, taku the equation, 
(A') x' + ix + i = 0; 

and introducing another root, say — H, then a: + 3 = 0. 
Then, (x + 3) {A') = 
(O) ar' + 7a^4-16a: + 12 = 0. 

Introducing in (C) another root, siiy —2, then a!+2=0, 
and we have 
{E') a;^ + 9 a^ + 30 a!= + i8 3! + 24 = 0. 

Introducing in (E') another root, say + 6, then x — Q = 0, 
and we have 
(Z) 9^ + 6 a^ - 24 a;" - 132 a.-= - 264 a; - 144 = 0. 

Introducing in (J) anolhec root, say + 6, then a: — 6 = 0, 
and we have, 
(T) a!= ± a^ - 60 a^ + 12 »:= 4- 528 a:' + 1 440 as + 864 = 0. 

Introducing in (T) another root, say — 5, then x + 5 — 0, 
and writing tJie process in full, we have, 

^^Qaf^Q03i'+ 12x'+5283^+1440j; + 864 - 
Then,_+6_±_0_^00 + 60 +2 640 +7200 +432 

3;?+6a,^-60a!'-2"88J!'+588a.^+4080i«^+8064a;+4320=0 
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SYNTHETIC DIVISION. HORNEE'S METHOD. 

159. Synthetic Division, which was first used by W. 6. 
Horner, of Bath, England, about the year 1829, is the 
revevse of Synthetic Multiplication, which we have just 
explained. 

160. In Homer's method for approximating the roots of 
numerical equations the method of synthetic division is 
employed, and, briefly stated, is as follows ; 

Suppose that a root of the equation 

(1) 3f + aa^-' + 6x--* + CK"-' H (- ea^ + 'a; + g = 

is found to lie between I and I + 1. Transform the given 
equation into another whose roots shall be less by I, and we 
have one in the form 

(2) y- + a'r-"- + &y-* + cy-s + ... + ehf + t'y + q' =Q, 
one of whose roots is less than 1. If that ia found to lie 
between the decimal fraction V and V + .1, transform equa- 
tion (2) into another whose roots shall be less by V, and we 
have an equation of the form 

(3) e" + a"e"-' + Ve""^ + C'e""' + ... + e V + t"e + q" = 0, 
one of whose roots is less than .1. If that root ia found to 
be a little greater than I", proceed in the same way with (3) 
as (2), and we obtain 

x = l + V + 1" -{ 

to any degree of accuracy. 

As e in (3) represents a small fraction, its higher powers 
will be so small that tliey may be neglected, and its value 
is nearly —^', therefore, V, I", ■■■, may be found in this 
way with more and more accuracy the smaller e becomes. 

This is briefly the Homer method, and tlie only method of 
any satisfaction prior to the methods offered here. 
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161. How the Horner method can be applied to greater 
advantage than, it has ever been in any prior work the 
reader is referred to our method of changing equations, by 
which imaginary roots may be approximated as real roots. 

QUADRATIC EQUATIONS. 

162. A Quadratic Equation is the simplest form of a 
General Equation whose roots are two in number, and repre- 
sented by one nnltnown quantity ; as, a;' + 4 a; -f 4 = 0, 
3? — 5x + & = 0, and 91^ + ma! + 5 = 0. 

163. Quadratics are also called Second Degree equations, 
and the roots of such equations are either Real Quantities, 
Meal Imaginaries, or Pure Imaginaries. 

164. The roots of quadratics represent the sides of riglit 
triangles when Real Quantities ; the sides of isosceles tri- 
angles when Real Imaginaries ; and when Pure Imaginaries, 
may be represented by lines. 

165. The roots of any numerical quadraiic equation, 
whether real quantities or imaginary quantities, can be 
measured. 

166. To illustrate (§ 164), let ABC (Fig. 2) 
be any right triangle. Let AB=a, ■AnAjfO= b, 
and Sc?=c. Then a^ + 6==c=. (See any 
geometry.) 

Letting a and b represent the roots of a 
quadratic, then a; — a = and a; — 6 = 0. 
Their product will be the quadratic " " "' 

3?-{a + b)x-irab = 0. (56.) 

(3) Then, ~(a + bf-2xab = a? + h\ (Th. A.) But it 
has been shown that a^ -\-b^ = (?. Now, let ab=p, and we 
have the equations 

(1) a^ + h-^ = c\ 

(2) ab^p, 
to find a aud b in terms of p and c. 
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a^ + b^ + 




Squaring (6) anil (7), we have a^ + 6= = c\ (By adding the [I] of 
(0)aM(7» 

167. It is now seen that in all algebraic expressions in the 
form of ai^ + ^° = n, in which n represents any positive integer 
or fraction, that the square root of the right-hand member, 
n, is the hypotennse of a right triangle ; and, aa the hypot- 
enuse of any right triangle may be taken as the diameter of 
a ciroumacribed circle, we may also say that in cdl algeh-aic 
expressions in the form of a^ + if :^ n, that the square root of 
tlie right-hand member, n, is the diameter of a circle, of which 
the semicircle is the compass for all true rectangles of the lines 
represented by x and y; and, being the compass for all true 
rectangles, xy, it is also the compass for all true or positive 
values of the lines represented by x and y, drawn from the 
tennini of its diameter, and meeting in the semicircumfe^'ence. 

168. To further illustrate the foregoing statements, let 
us draw a cirele whose diameter is the hypotenuse of the 
rt.A^BC'(rig.2). Let ^ g 
ADG-E (Fig. 3) repre- 
sent such O, Draw the 
lines or chords AB and 
CB, jneetingatthepoint 
£,inthesemicircumfer- f 
enee AEG. Designate 
all lines by a; to the left, 
and y to the right. 
Then will AB = x, and 
CB = y. 

Whence, y? + f = AXf' ■• 
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Letting Ty=p, tlieu will the values of x and y be the 
same in this last equation as already found in (166)- 

169. Let US now increase their rectangle by any positive 
quantity, say (; then a:y=p + t. (,p + t), to be true, must 
be less than vne-halfthe square of c; that is, (p + t) must be 
< — : because, t/t* true g^-eateat rectangle of any two lines that 
can be drawn from tlte termini of its diameter, and meeting in 
the sfmicircumference, is equal to one-half the square of the 
<iiain.eter of the cirde. ("See any geometry.) If p repre- 
sents the rectangle of the lines x and y, when xy^p-\-t, 

and i^ + 1 < — , and p + t'>p, the lines now represented by 
I, and y. let us assume to be AB' and CB'. Therefore, in- 
oeaamq the rectangle of the lines, the sum of their squares 
always lemalning permanent, x gradually grows less, and y 
giadually grows greater, in consequeuee of which the point 
of meeting of the lines moves iu the semicircumfereiice 

towards the point E; and when their rectangle equals —5—, 
the lines become numerically equal, being then represented 
by the dotted lines AE and CE (Fig. 3). 

It is now seen that x may assume all possible vahtes from 
AC to 0, and y all possible values from to AC. There- 
fore, by increasing or decreasing the rectangle of the lines 
,A<f 



sume tiew positions and magnitudes in the semicircle. And as 
the sum of the squares of any two lines drawn from the 
termini of the diameter of any circle, and meeting in its 
semicireumferenee, is equal to the square of the diameter, 
such lines, with the diameter of the circle, form rt. triangles; 
and the rectangle of any two of such lines, so formed, is the 
absolute tei-m of a quadratic; and the sum of such lines is the 
numerical sum of the roots of such equation, iind. as such, are 
reed quantities. 
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170. Letting a? + if always remain permanent, and in- 
creasing their greatest true rectangle by any positive value, 
say (, tlien xy = ^ + t, and we have the equations 
(a) x'+y'^ C-, and 

(6) ni^'^ + t, 

to find new values for x and y. 

Adding to (a) twice (b), and taking the square root of 
both members, we have 

(c) x + y= V2 c' + 2 i = S(«M of lines. 

And taking 2 x (p) from (a), and extracting the square 
root of both members, we have 



(d) 


x — y = ^-2t=^their dijfereiice. 




(/) 

Here w 


„ V2c' + 21-V-2( 
' 2 
'e meet with this "vexed" imagina: 



meaning of which the reader is referred to the General 
Tlteorew, of Imaginary Quantities, given in another pai-t of 
this work. It will be sufficient, however, at this time, to 
point out the location of the lines now represented by 

^^— ^ — — ■ ■ ~^ It has been shown that when xy = ~, 

X and y are, respectively, represented by the dotted lines 
AE and CE (Fig. 3). When their rectangle exceeds — by 



(, we have x + y = ^2G^-i-2t, which is greater than 
x + y = \^2c': for, by our hypothesis, i is a positive real 
quantity. It has been shown : that when xy=^, that x and 
y are, respectively, equal to — - — , and lie wholly within the 
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semieirele AEO (Fig, 3), being represented by the dotted 



tively, equal to V" +-^^-t-v -^^ and 



^2c^+2f- 



To locate the real part of x in this last espression is now 



2 

partly without the aemicircle. Beginning at the point {E) 
in the semicircumference, where the lines AE and CE meet, 
forming the true greatest rectangle of the lines, we lay off 

-), to meet AG extended in 



F, and the real part of y, (— — " "*" ■ ■ j, to meet AC ex- 
tended in G {Fig. 3). We now have the isosceles triangle 
FEG, whose sides EF and EG repi'esent the real part of 
the Meal Imaginary, V2c= + 2 1 ± V-2i _ it will be shown 
in the discussion of the Oeneral Tlieorem of Imaginary 



aented by the lines FA and CG, that lie in the same direc- 
tion of the line AO, tlie diameter of the circle. 

171. To illustrate, numerically, take the equation, 

a^ - 14 a; + 48 = 0. 
Here, a^ + 6== 100 = (-14)=-2 x 48. (Th. A.) 

And, «6 = 48. 

Whence, by a solution of a*-|-6^=100, and a5=48, we find 

a = 8 and 6 = 6. 

To locate the lines representing the values of a and h, 

draw a circle whose diameter is the VlOO = 10, which repre- 
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seats, also, the hypotonuse of the right triangle. Then 
draw the chords a and 6, and we have, respectively, the 
other two sides of the right triangle. 

172. Tn the same way determine, by a«tnal measurement, 
the roots of the following quadratics : 



© 


»=- 4a;+ 5 = 0, 


(») 


X?- 63; + ll =0, 


(») 


x'- Tx + \2 =0, 


(0) 


«■- 6«+ 9 =0, 


w 


ar" - 10 a) + 37.5 = 0. 



Multiply n and p together, and show what absohde 
theorem, will apply in its solution. 

173. Theorem II. The sum of the squares of the roots of 
any general equation is equal to the square of the coefficient of 
the second term, minus twiee the coefficient of the third term; 
arid the sxm of the squares of the roots muUijAied by Hie de- 
gree of the equation is equal to the square of the sum of the 
roots plus ilie sum of the squares of the differences of the roots. 

174. To prove the theorem, take the general equation 

ie' + m^x"-' + naf ^ + ox""-^ -\ \-px + q = 0. 

Letting a + b + c-\-d+ •■■ + l+m+ ■•• to n, represent 
the roots of the equation ; then, according to the theorem, 
we have 

(1) m''~2n=a^+b''+<?+d'-\ [-P+m--]-— to n factors 

or roots = the aum of the squares of the n roots of the equa- 
tion. (Th. D.) 

(2) n («' + 6" + c^ + ■■■) =D of sum of n factors or roots 
4- the sum of the B of the differences of the n factors or 
roots that enter into the formation of the equation. (Th. I.) 
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175, To illustrate tlie universal application of the theorem 
in the solution of numerical equations, let it be roquii-ed to 
find the roots of the following equations : 

(1) i^-ix + 5 = 0. (6) a^-dx + q = 0. 

(2) af + ix + 5 = 0. (T) a;'+6ii!*+12x+8=0. 

(3) 3^ + 4:x + S = 0. (8) af>-6^+12x-^=0. 

(4) a?-ix + 8 = 0. (9) a:'-16ic'+76a)-96=0. 

(5) x' + dx + q = 0. (10) a^-7a; + 6 = 0. 

(11) x^-14a!^ + 7l3:^-154x + 120 = 0. 

(12) x' + 2i? + 2^ + ix + i = 0. 

(13) X* - 14 3!* + 78 a:^ - 196 a; + 176 = 0. 

(14) x'-4a;*-49ic»+64ar' + 780a! + 1008-0. 

(15) (b' - 31 a;' + 2 3;^ + 192 a; + 160 ==0. 

SoLCTiONS. Letting a, ft, c, ■■■, or any other unknown quantities, 
rapreBent the roots, then, from the general law (56) of the formation 
of the eoefflcients of the.foregoing equations, we have 

From equation (1), 

(1) (B + 6) = -4,and«ft = 6. 

(2) .-. (-4)-2(a)=n2 + 62 = S. (Til. 11.) 

(3) a2+&2_i_2„ft = i(3=(e + i0). 

(4) n + 6 = 4. 

(5) o2+&2-2a6 = -4 = (6-2ic5). 

(6) a-&=V=^ = 2v'^I. 
(7).-,« = i±^ = 2 + V3T. 



-V^4_ 



-V- 



.-. The roots of the equation are Real Iniaginaries (24). 

From equation (2), 
(1) a + !> = i, and ab = 5. 

The roots of which are numerically the same as (1), hut the sign of 
llie real part of the imaginary is — . 
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(4) .-. a ^ 



-v^- 



by FUNCTIONS or squares. 

From equation (3), 

(1) a + & = 4, ab = 8. (3) o^ + ^a _(4)5 -2x8 = 0. 

(3) .-. the roots are conjugate imaginary origins, and (98), 

— 3 4- V^4, and - 2 - V^l are the roota, or 3 i 2V- 1. 
rrom equation (4), 

(1) a + b=-i, and aft = 8. 
The roots are the same as the roots of (3), but the real part of the 
imaginary la +. ,■. 2 ± 2V— 1 are the roots. 
From equation (5), . 

(1) a + l> = — d, and ab = q 

(2) a' + 6^ = ^-23. 

(3) a - 6 = y/d'-4q. 
H d' — iq is minus, the equation contains imaginary roots ; if plus, 

the roots of the equation will be real quaatitiea. 

From equation (6), 

(t) a -f 6 = — (?, and ab = g. 

The roots of (6) will be the same as the roots of (5), except as to 
sign. 

From equation (7), 

(1) (a + 6 + c)= 0, Pi = 12, p, or <iSc = 8. 

(2) (6)2 - 3 X 13 = 12 = o2 + 62 + (!2. (Th. II.) 

(3) 2 X 12 = 3p2. /. (138), -2,-2,-2 are the roots. 
From equation (8), 

(1) a2 + 62 + c2 = 12. (Th, II,) 

(2) .-. The numbers are equal, as 2 x 12 - 2 pj. 

The roots being the same as the roots of (7), except as to sign. 
But 2x2x2 = 8, while t he ab solute term of (8) is 9 .-. One of the 
roots at least will be 3 + v'O - 8 = 8. The sum of the other two roots 
will be 8 - 3 = 3. Their product will be 9 -=- 3 = 3. As four times 
their product is greater than the square of their sum, the numbers, or 
roots, are imaginary. .■- a — 6 = V(3)2 — 4 x3i=V— 3. Whence a 
and 6 are, respectively, equal to 

3. + ^^ and ^-^y^. 
2 
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Prom equation (0), 

(1) n + 6 + c = - 16, Pa ^ 76, and abc = - 06. 

(2) a2+6« + c5=(- 16)^-2 X 76 = 104. (TIi. II.) 

(3) 104 X 3 = 312 = D of sum + sum [D of diffs. 

(4) 312 -(- 16)S = 56 = sura [s] of diffs. 

(5) 5fl X S = 168 = □ of sum of diffs. + sum [I] of diffs. of difts. 
(Th. I.) The side of the greatest square in 168, whose side is integral, 
is 12, = 2 c - 2 a, c - a = 6. Having found c - a = 6, we readily find 
the values of a, 6, and c to bo 2, 6, and 8, whioli will satisfy all the 
conditions of tlie problem. 

From equation (10), 

(1) a + 6 + c — ± 0, and aha = 6, and ^ij = - 7. 

(2) 0=-)- 6^! + c3 = 14 == (± 0)^ - 2 (- 7.) (Th. II.) 

(5) (3 X 14)S = 6 = a + ft + 0. 

(4) .-. l±i!=:3 = sum + roots; true sign -. .-. 1,2, -3. 

From equation (11), 

(1) a^ + &* + c= + d^ =(- 14)2 - 2 X 71 = 54. (Th. II.) 

(2) 54 X 4 = 216 = n of sum + sum [i] of diffs. (Th. II.) 

(3) 216 -(-I4)* = 20 = sum[i] of diffs. of roots. 

(4) 20 X 6 = 120 = n of Bum of diffs. + sum [s} of diffs, of diffs, 

(6) (120)* = 10 = sum of diffs. 

(6) Separating 20 into 6 squares by trial, or by factoring the abso- 
lute term, 120, into 4 factors, we readily find 2, 3, 4, 5 as tlic roots 
of (11). 

(See full solutions of biquadratics.) 

From equation (12), 

(1) e2+fi2 + c2-)-^ = 0=(+2)^-2(9). (Th. II.) 

(2) (4)2-(2x 4)2 = = sum Hofiis. 

(3) .■. The roots are all imaginary ; and the equation can be sepa- 
rated into two quadratics, which are 

3?i + (l+v'3)a; + 2=0, and x^ _|_(i _ V3)a+ 2 = 0. 
(See full solution of biquadratics.) 
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From equation (IS), 

(1) a' + 65 + c= + rf^ = (-14)2-2(78) =40. (Th. II.) 

(2) 40 X 4 = 160 = □ of sum + sum of diffid. 




ail imaginary roots, or is made up of real and 
ne = the factors 2x2x4x11. We try -2, and 
tile condition of tlie problem. .■. The equation 
+ roots and two imaginary roots ; for eeen degree 
an evf.n mimher of real roots or none, liutweliave 
contains one real root, therefore it must contain two 

rr represent the roots by 

o, b, and c ± y/^'l. 
.-. a^ + b^ + 2C' +~2l = 40. (Th. II.) 
a;' = i (letting a = 2), 

Whence t^ ^. 2 (f" + _ 2 i = 36. 

We now try 4 one of the factors, and we find it is a root. Taking 
Its square from 36, we have 

2e=-2; = 20, 
whence c^ — i = 10. 

(c 4- ■/3i)(c - y/^ri)=c'^ + Z = 23 = 170 -^(2 X 4). 
2t^ = 32. 
c2 = 16. 
c = 4=V16. 
-■. (e2 + I)-(c=-O=23-10 = 12 = 2;, 
Whence i = 6, and V^ = V-^. 

.-. 2, 4, and 4 ± \/^^ are the roots of (13). 
(See solution of biquadraties.) 
From equation (14), 

(1) aS + 6^ + c= + d^ + e^ =(- 4)2 -2 (- 40)= 114, (Th. II.) 

(2) 114 X 6 = 570 = □ of sum + sum [|] of difEs. (Th. 11,) 

(3) (570)= = 22 = sum of roots. (The side of the greatest square 
In 570, whose side is integral, is taken for the sum of roots. It must 
be an even number (26). ) 
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(4) .-, (26), P^^^'^ = = sum of + roots in formation of cqua- 
ions ; true sign — ; and 



(5) (26), 



22-(-4) _ 



tions i true sign + . 

From algebraic sum aiid sign of alisoliite term the equation contains 
three minus roots and two plus roots. Putting a + b+ e^9 aad 
d + e = lS, and adding (a + 6 + c)^, + (d 4 ey, and from algebraic 
sum of pi we find for pi 185. From this we readily find lor tlie roots 
of (14), -3,-3,-4, 6, and 7, 

(See fall solutions of fifth degree equations.) 

From equation (15), 

(1) a2 + 6S + cii + (i-2 + e«-62=(±0)2-2(-31). (Th. II.) 

(2) 62 X 5 = 310 = n of sum + sum \W\ of diffa. (Th. II.) 

(3) (SIO)* = \G = a + b + c + <l + e. (17 being rejected (26).) 

(4) ,-, ^" + — 8 = sum + roots in formation of equiition ; true 
sign -. 

(5) = 8 = Slim minus roots in formation of equntion ; true 
sign +. 

Now form tlie ciiMc and quadratic ; for we have discovered that the 
equation contains three + roots and two minus roots in its formation. 

Let x'- + SX' + ax + y^O, 

and x^ — Sx + e = <} represent the equations. 

Their pi-oduct 
= x^ +<a + e + - M)x'< + (Se + y + - Sa)r? +(ae. + -Sp)K +ey = 0, 
the coefficients of whicli arc respectively equal to the coeflicieuts 
of (16). 

(1) .-.(1+6 + - 64 = -31, wliencea + e^33 = (-31 + e4). 

(2) 8e + j/ + — 8« = + 2, whence Se + y-2 + &a. 

(.^) ac + - 8?/ = + 192, whence ae = 192 + 8j, and e = i^^±^- 
(4) ei;=+100, whence e = —- 
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(5) a = S3 -«, (From (1).) 

(G) a = ^^ + y —'^ _ (From (2) by transposition and division.) 

(7) Whenc* C&)-(6), -- —^ ' :- ? = 3S - e = IGe + i/ = 260. 

(8) e=?5^. (From (7).) 

(0) .-. (4) = (8) ?^^^ll = 1^. Solving (9) we have 
(10) y = 10, whence e = ^ = 16. 

Wo may now complete tlie cuMc and quadratic, which solved gives 
for llie roots of (15) 

- 1, - 2, ^5, 4, and i. 

176. Thus far we have shown that Th. II holds good in 
the solutions of equations containing two, three, four, or Jive 
roots. Therefore the theorem will hold good, and is true, 
for equations of all degrees (Ths I and D ) 

177. Theorem III. The sum of the squaie^ of thi' prud 
ucts of the 1-oots, Uiken tuo and two, of an equatiim of the 
third degree, is equal to the square of the coefficient oj the 
third term, minus twice the coe^ient oJ the second term into 
the absolute term. ' 

To apply the theorem, let 

3^ + mar* + nx+ q = 0, 
be an equation (in the general form) of the third degree. 
Then we have, according to the theorem, 

^^ + a? + 6? = n" - 2 (m. X j^. 
To apply the theorem to the following cubes : 
(i) ai»-13a!= + 54a;- 70 = 0. 

ab^ + ac+io={+ 54)^ - 2 (- 13 x - 70) = 1006. 
(ii) K= + 9ar'-4 = 0, 

la^ + ac -irbc = {±f)f - 2{-l Q x - 4) = 72. 
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(iii) (b'-7x + 7 = 0, 

^^ + «c' + fe' = (- 7)= - 2 ( ± X + 7) = 49. 
(iv) a^ + 9x' + 18x + lS = 0. 

oft' + a? + 6? = {+ 18)^ - 2 (+ 9 X + 18) = 0. 
(v) (ff»±1^0. 

^' + ^* + 6^' = ( ± 0)' - 2 ( ± X ± 1) = 0. 
(vi) a? + 2^-3x-5 = {t. 

off +ac +¥c ^ (-Sy -2(+2 x-5) ^2Q. 
(vii) a^-7 3?-llx-S = 0. 

ofe' + a? + ftc' = (- 11)5 -2(-7x-8) = 9. 

178. Theorem IV. The sum of the squares of the prod- 
ucts of the roots, taken tioo and two, of an equation of the 
fowrtJi degree, is equal to tlie sqitare of the coefficient of the 
third term, tninus twice the difference between the product of 
the second and fourth term, coefficients, and absolute tei-m; and 
the sum of the squares of the products of the roots, taJcen 
three and three, is equal to the square of tlie coefficient of the 
fourth term, minus twice the coefficient of the third term into 
absolute term. 

To apply the theorem take the general equation, 
ie* + 7na? + na^ -\- ox + q ^ 0. 

(1) ^''+ac+bc+a^-i-M^+&?=n^-2(mo-g). (Th. IV,) 

(2) abc+aM'+acd^+bc^=cP—2{nq). 

To apply the theorem to the following biquadratics : 
(i) ce^ ~ 21 ic* + 158 ar" - 504 o; + 676 = 0. 

(1) ^ + '^c+ad' + Fc+b^+cFf = 4948 

= (+ 158)= - 2 [(- 21 X - 504) - 576], 

(2) abc+ab^ + 'aci? + bcd' = 720m 

^ (_ 504)= - 2 (+ 158 X + 576). 
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(ii) a!* + 2a;' + 2a^ + 43; + 4 = 0. 

(1) a^ + ac+ — + cd' = -i = {2f-2l(2 x 4) -4], 

(2) ^^ + abd^ + :■ + bed' = = (if -2(2x4). 
(iii) a^-a^-3a;» + 4a; + 5 = 0. 

(1) ii^=+^'+.-.+i^'=27 = (-3)^-2[(-x+4)-+5], 

(2) ab^f+aM%--+bc^=i&={+iy-2(-3x+5). 
(iv) a^±l = 0. 

(1) ^' + ^+-.-+^ = ±2 

= (±of-2[(±0x±0)-±l], 

(2) abc^+ ■■■ + bca' = ±0. 

179. Theorem V. Tlie sum of the squares of Ihe products 
of the roots, taken two and two, of an equation of the fifth 
degree, is equal to the square of the coefficient of the third term, 
minus twice the difference between the product of the coefficients 
of the second and fourth term, and the coefflcietU of the fifth 
term; and the sum of the squares of the products of tfie roots, 
taken three and thi-ee, is equal to tlie sqxtare of the coefficient 
of the fourth term, plus twice Gie coefficient of the second term 
into absolute term, minus twice tJie coefficient of the thii-d term 
into coefficient of fifth term; and the sum of the squares of 
the products of the roots, taken four and four, is equal to the 
square of the coefficient of fifth term, minus twice the coefficient 
of fourth term into absolute term. 

To illustrate the application of the theorem take the 
equation of the fifth degree, 

3^ + mv^ + nx' + ox' + px + q^Q. 

(1) o5' + fflC°-f \-'de^ = n' — 2{mo-p). 

(2) aSc+ab^-] l~cde ~ {o> -\- 2 mq) — 2 {n X p). 

(3) abed^ -{■ aMe'+ ■■■ ^- bcde' — p^ — 2 oq. 
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To apply the theorem take the following quiiitics : 
(i) itf + x'-26a?-12s^ + lS-lx + 119 = 0. 

(1) ^'+m+--+rfe'={-26/~2[{+3x-12)-134] 

= 968, 

(2) a5?+aAd^+"-+^=(-12)H(2x+lx+119) 

-2(-26x+134)=7350. 

(3) «M'+«^'+.-- + 6cd?=(+134/-2(-12x+119) 

=20812. 
(ii) a;' + 2 x* + 2 ic' -)- 2 a,-= + 4 a; + 4 = 0. 

(1) ^' + ^'+-" + d^'=(2)'-2[(2x2)-4] = 4. 

(2) abc+^^+ - +cd?=(2)=-l-2 (2 x 4)^2 (2 x 4)=4. 

(3) abc^+- + bcde = (if- 2(2x4;) = 0. 

180. The functions of the squares of the products of the 
roots, taken in pairs of two, three, four, and so on, become 
of especial importance in the solution of Higher Numerical 
Eqiiations. It is not neceasaiy howevei, th^t they be called 
into use to effeit the solution of miny problems, but, 
should any difficulty arise in whu^h the chaiacter (leal oi 
imaghiary) and signs of the roots, and their locitioa, lie 
not easily determined by applicition of Theoiem II and 
Absolute Theorems, bj the proper use of the foiegomg 
theorems, the character and location of the roots ot any 
equation ot the class to which tbej %pply can be determined 
without the aid of the &tuim Iheoiem or " Descaites' lule 
of signs " ; and white the pupil la thus determining the 
character and location of the itots he is also peifoimmg 
the operation of a solution of the problem, and the time 
spent in deteimining the chiiacter and locvtion of the roots 
is not lost, but gainfd 

KoTE. ^In applying the foregoin, theorems taie should ha taten 
to preserve this well e'tablihl e I i ses f tl p i + a id — dJ> isc 1 
In algebTMC nperitions 
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LOCATION AND OHAIIACTER OF HOOTS. 

181. Application of theorems in determining tlie location 
and character of the roots of an equation. 

182. Let it be required to determine tlie location and 
cJiaracter of the roofs of the following cubics : 

(1) 3?-ix' + 7x-8^0. (5) a? + 7x-92-0. 

(2) 3? ~2a? + 3x-U = (}. (6) a^±l=0. 

(3) (1^ + 30^-53^ + 12=^0. (7) x'~-67x + 127=0. 

(4) 3? + 7^-Q0 = 0. 
From equation (1), 

(_4)^_2(+7)=2=«^ + &^ + (^. (Th. IT.) 
3x2 = 6=Dof sum of roots + sum H of diffs. (Th. II.) 
As 6<(— 4)', the equation contains imaginary roots {130). 
.-. It being of the third degree, it can contain but one reed 
+ root (110). Substituting the side of the greatest inte- 
gral square in 6, which is 2, we find the real root > + 2 and 
< + 3. By Theorem III we have 

{+ 7y-2(-ix -8) = -W = cdj'+^' + bc\ 
.-. The imaginaries are pure. (24.) 
T'rom equation (2), 

(- 2)" - 2 (+ 3) = - 2 =^ a' + 6^ + c=. (Th. II.) 
.-. Only one real + root, and a pair of pure im^nary 
roots. And by (134), the real parts of the imaginary roots 
will be — . 

Note. — It will be shown in the solution of cubics that ec[uation (2) 
is readily changed to the quadratic s^ — ^ ic + f = 0, the solution of 
wliich will be the real root of (2). 
From equation (3), 

(+ 3)2 _ 2 (- 6) = 1 9 = «= + 6' + c'. (Th. II.) - 
(-5)'-2(+3x+12) = -47 = (76'+(7c' + ^^'. (Th. III.) 



yGoosle 



LOCATION AKD CHARACTER OF ROOTS. 69 

.-. The equation contains but one real — root, and a pair 
of pure imaginary roots (110^24). 

Theorem II does not immediately detect the chstracter of 
the roots, but Theorem III does. Substituting ia the equa^ 
tion the side of the greatest integral square in 19, which 
is 4, aud making its sign contrary to absolute term, we find 
that the real root lies between —4 aud — 5. 

From equation (4), 

(+ 7f-2(±0) = i9 = a' + y + &. (Th. 11.) 
(±0)-2(+7x-90) = 1260. (Th. III.) 

Here both theorems give + quantities for sum of squares 
of roots, and sum of squares of products of roots taken two 
and two ; but we know that the third term being wanting, 
the equation contains imaginary roots, which must be real 
imaginaries. 49 x 3 = 147 = D of sum of roots + sum [U 
of diffs. of roots (Th. II). The side of the greatest square 
in 147 whose side is integral is 12; but 12 is rejected (26). 
As the equation contains a pair of real imaginaries, the sum 
of whose squares is a + quantity, we take 11 as the numeri- 
cal sum of roots, .■. — ^— = 9 = sum of + roots in forma- 

11 — 7 

tion of equation, true sign — ; and — - — == 2 = sum of 

itdnus roots in formation of equation; true sign -(-. Try 
2, and find it too small. .-. 13 is taken, and we have 



13- 



- =: 10 = sum 4- roots ; true sign tninus. 

- = 3 = sum — roots ; true sign plus. 



3 is tried, a-nd satisfies the condition of the problem. 
.-. Write — S-f-V— ^ and — 5— V— 7 for the imaginary 
roots. Thei r product 25 -I- i = -^ = 30. -■- -l = -5 and 
— 5 ± V— 5 are the other two roots. Thus we have per- 
formed an actual solution of the problem. It can be readily 
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seen, that as soon as the reader becomes acquainted with 
this method, the entire process can be performed mentaUy 
and rapidly. 

From equation (5). The second term is wanting, and the 
sign of the third term +. .-. Only one real root (104) and 
a pair of pure imagiiiaries. The sign of absolnte term is 
— . ,-. Eeal root will be -f. Separating 92 into its prime 
factors, we have 2 x 2 X 23. If the real root is integral, it 
must be 2 X 2 = 4, which we find satisfies the problem. 

.-. 1 = 2 = real part of imaginary. Its sign is minus. 

... (_2+V~0(-2+V^) = V- = 23. 
Whence - i == - 19, and V^ = V^19. 

.-. The roots of (5) are 4, and — 2 ± V— 1 9. 
From equation (6). The second and third term are want- 
ing, .-. Only one real root, which is V± 1, and a pair of 
imaginary roots. 
From equation (7), 

( ± 0)^ ~ 2 {- 67) = 134 = tt= + 6' 4- «'■ (Th. II.) 
134 X 3 = 402 = D of sum of roots + sum S of diffs. o£ 
roots (Th. II.). The side of the greatest integral square in 
402 is 20, which will give for one of the roots, - 10. This 
is found to be too great. The next lower number, 19, is 
rejected. (26,) 18 is then taken, and we have 

— ^^- = 9 = sum of -f roots ; true sign — ; and 
-roots; true sign +. 

From the algebraic sum and sign of absolute term, the 
equation contains two + roots and one — root. We now 
substitute —9 in the equation. To do so, we divide the 
equation by a: + 9, and find that — 9 is a little too small. 
We now discover the Natural to be a;' ~ 67 X ~ 126 = 0, the 
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roots of which are 2, 7, and — 9, (To discover tlie Natural 
we divide (5) by —9, synthetic division, and solve the 
quadratic.) Thus : 

^ j. - 67 + 127 
-9 + 81-126 



■ a^_9 + U+ 1 

(Solve K* — 9 K + 14 = 0, and we obtain 2 and 7.) 
If the absolute term of (5) was + 126, the roots would 
be 2, 7, and — 9 ; but the absolute term of the Natural hag 
been increased by 1. .■. The roots of (5) will be 
> 2, < 7, and > - 9. (112.) 
This means that one of the roots lies between 2 and 3, 
one between 6 and 7, and one between — 9 and — 10. 

183. To determine the location and character of the roots 
of the following biquadratics: 

(1) a^ + 5a? + 30!>^-mx-e>^(). 
(3) a.-*-83^ + 23a^-iyaT-42 = 0. 

(3) x^ + iaf-.6x'-i6x-U^0. 

(4) X'-Saf + 333f-6Sa! + 71 = 0. 

(5) a^-16a;' + 128^-480a; + 900 = 0. 

(6) X* - 100 a^ + 3748 x' - 62400 x + 398375 = 0. 

(7) ai*-2a,-'4-2ar^-16:c + 64 = 0. 

(8) x^ + x' + a? + x + l = 0. 

(9) ai'-Sa^-3x'~3x~i=^0. 
From equation (1), 

(+5)2_2(+30) = -35 = a= + 6^ + c^ + d'. (Th. 11.) 
.-, The equation contains imaginary roots. (100.) The 
sign of absolute term is minus. .: Two real roots of oppo- 
site signs (103), and two pure imaginary roots. (26.) The 
absolute term separates into the prime factors 2 and 3 ; 2 
will satisfy the conditions of the problem, and is therefore 
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a root, (16.) If we divide equation (1) by a;— 2, we obtain 
the cubic 

the real root of which is minun, and cannot be greater than 

-^ = > - ,07 and < ~ .08. 
<4 

The imaginary roots can be readily found from a quadratic. 
From equation (2), 

(_8)S-2(23) = 18 = a=+i'^ + c= + (P. (Th. 11.) 
4 X 18=72=n of sum + sum [U of diffs. of roots. (Th. II.) 
The side of the greatest square in 73 whose side is inte- 
gral is 8. If 8 is the true numerical sum of roots, then 

"* ■ ■ = = sum of + roots in formation of equation j 
true sign — . 

- ^ Z \ — * = 8 = sum — roots in formation of equation ; 

true sign +. 

Tlien would the equation contain no minus root, which we 
see is not true from the signs of its terms ; for the equation 
contains too real roots, one + and owe—. We have seen 
that the side of the greatest square in 72, which is 8, is too 
small. Therefore, say 9; but 9 is rejected. (26.) 10 is then 

taken as the true nuinericai sum of roots ; and — ^t 

= 1 = sum + roots ; true sign — ; and — ~)f~" — ' = 9 = sum 

— roots; true sign +. —1 satisfies the conditions of the 
problem. .-. 10 = tnie numerical sum of roots. The abso- 
lute tei'm separates into 1, 2, 3, and 7 as prime factors. 
-I- 3 is also found to be a root. .-. — 1 and -f- 3 are the real 
roots. The sum of their squares = (l)^-f (3)^ = 10, which 
we talie from the whole sum of squares, and we obtain 
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18— 10=8=sn!n of [H of the imaginai'y roots, say a± V^; 
or, 2a^ + -2l = S. Their product will be -^— = 14 = 

a^+l = li. Multiplying this last by 2 and subtracting it 
from the mm of squares, we have — 2 f = — 20. Whence 
~l = — 5 and V— ^ = V— 5. And, adding and extiucting 
square root of both members, we have «= 3. .■. The roots 
ef (2) are - 1, + 3, and +S± V^^. 
From equation (3), 

(+ 4)= ^ 2 C- .5) = n = a'+b' + c^ + d^. (Th. 11.) 
{-lQy-2{-.ox-li)^242^abc+aM'+—. (Tli. IV,) 
17 x4=68=n of sum of roots + sum E of diffs. (Th. II.) 

(68)' = 8 = sum of roots. (The side of the greatest square 
in 68 being taken for numerical sum of roots. If it should 
be too great, or too small, it will be detected as we proceed.) 

.-. "T = 6 ^ sum + roots in formation of equation; 
true sign — ; and 

— - — = 2 = sum — roots in formation of equation; true 
sign +. 

From algebraic sum and signs of the terms there are three 
minus roots and one plus root. 2 is tried, and it satisfies 
the equation. + 2 is therefore a root. We also try — 2, 
and find it to be a root. By dividing equation (13) by 
(a; +2){x~ 2), we obtain, 

a^ + 4 a; + 3.5 = 0. 

Solving the quadratic, which we can do mentally, we find 
the other two roots to be also real, being 

-2±v:5. 

Note. — ^ While we have been determining the location and character 
o( the roots we have solved the equation. 
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From equation (4), 

(_ S)= -2(+3^) = -2 = «= + 6' + y= + d\ (Th. 11.) 

(-68)^-2{+33x+71)=-62-^+...+6^'. (Th.IV.) 

Both theorema give for sum of squares of roots, and suin 
of squares of products of roots, taken three and three, minus 
quantities. .: It is safe to conclude that tlie equation eon- 
tains all pure imaginary roots, which we may now I'epresent 
as follows for unequal roots; 

Should the roots be equal conjugate imaginaries, then 

2±V~l, 

2±V^l 
may represent the roots. Trial is made with the equal 
roots, and we obtain as the roots of (4) 



2±V-4,5±Vl.26. 
(See general solutions of biquadratics.) 
From equation (5), 

(_ ley - 2(128) = = «^ + 6= + c= + d^ (Th. II.) 
(-480)^-2(128 X 900)= = ^-|---- + fc^'. (Th.IV.) 
.-. The equation contains all imaginary roots. (132.) 

Rejuhh. — To separate (5) into two quadratics. 

Let (0 x^-o^ + SO-O, 

and (e) ^ — bx + 30 = (> 

be the equations whose protluota equal equation (5). 30 = v'yoi). 
Find — a, and — 6, and substitute in (i) and (_e) and solve by quad- 
ratics, Tlio roots of tlie quadratics will be tlie roots ol the biquadratic. 
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From equation (6), 

(- 100)*- 2(3748) = 2504 = a^ + b- + c'' + <I\ (Tli. 11.) 

(2504) X 4 = 10016 = a of sum + sum [H of diffa. of roots. 
10016 - (100)^ = 16 = sum [U of diffa. From the signs 
and m^nitude of the coefficients, and absolute term, and 
sum of E of differences of roots, we have no hesitancy in 
saying that the equation contains four rectZ hnctginaries. The 
problem is easily solved by submitting it to a general solu- 
tion, in which case no attention is given to the signs or 
chai'acter of the roots, as their ti-ue signs and character are 
developed in the solution. 

From equation (7). By inspection we discover, men- 
tally, that the equation contains all imaginary roots ; and 
by separating the equation into quadratics, the roots are 
obtained and their signs and character determined. 

Equations (8) and (9) are readily solved by (133). 

184. To determine the location and character of the roots 
of the following quintics : 

(1) x? + X'-2G3f-12x' + nix + lld = 0. 

(2) a? + 2^-3o^-3:^ + 2x + l = (t. 

(3) a?' ±1 = 0. 

(4) a* + i6^ + 2 a!> + 2 m' + 3 a; + 3 = 0. 

(5) ar^ - 30 a;* + 340 ^ - 1800 ^ + 4384 x - 3830 = 0. 

(6) 9r'-733,^-|-893,-'-|-103a:' + 771:c + 29 = 0. 

(7) »^ + lii^-\- 73.7 x^ + 457 x^ + 1307 x + 121,8 - 0. 

(8) ie'-37 = 0. 

(9) 9^ - 16 a!* + 126 x" - 539 a!^ + 1295 x - 1218 = 0. 
From equation (1), 

(+ 1)^ - 2(- 26) = 53 = a^ + b^ + c' + {P + e\ (Th. II.) 
53 X 5 = 205 = D of sum + sum B of diffa. (Th. II.) 
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The side of the greatest square in 265, whose aide is in- 
tegral, is 16, which is rejected. (26.) 15 is theu taken for 
numerical sum of roots, and we have 

-iLjl \J^- = 8 := sum + roots in formation of equation ; 



7 = sum — roots in formation of equation ; 



15 -(+!)_ 
2 
true sign + . 

.-. 265 - (15)^ = 40 = sum \B of difEs. ; ten m nninher, 
10 X 40 = 400, which is a perfect square. .-. V40d = 20 = 
{4 e + 2 d) - (4 « + 2 c). (12a) From the sum of the 
difls. and sum of the roots we readily separate 15 into the 
numbers 1, 2, 3, 4, 5. Fitting these numbers to the sum 
of +, and — roots, we have in either case thiee minus 
roots and two phis roots. We now try + 5, or any of the 
other numbera (1, 2, 3, 4), to obtain the combination of the 
roots. In either ease we find for minus roots —1, —2, —5, 
and plus roots 3 and 4. With those roots we build the 
cubic and qtiadratic, respectively, 

a^ + 8 a;^ + 17 3! + 10 = 0, and 

a;^ - 7 a; + 12 = 0. 

Their product = = x»-|-3^-27 3^-13ar' + 134 3; + 120, 
which is the Natural Equation from which (1) is derived, 
by changing the coefficients of — x*, — ar', and af, or absolute 
term. The sum of the [D of the roots of the Natural will 
be 65 = 1= + 2' + 3= + 4^ + 5^. 

The products of the roots of the Natural, taken four and 
four, are abed = 24, abce = 30, abde = 40, and acde = 60, 
and bcde = 120. The absolute term has been decreased 
by 1. .-. The roots will be 

< - 1, > - 2, < - 5, < 3, > 4 ; 
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and the products, four and four, wiH be 

> 24, < 30, > 40, < 60, and > 120. 
.-. 119-^> 24 = - 4 = e, 
119 -^ < 60 = - 2 = &, 
119 H- > 120 = - .9 = a. 

Having now obtained the first figures of the thi-ee minus 
roots, we proceed to find another figure of the root, as 
follows : 

119 -i- 24 = 4, and a remainder of 23. To obtain the 
next figure of the root we divide 23 by 24 + -*-, or 26. 
23 -J- 26 = .8. .■. — 4.8 = e to two places; and, having 
found a = -.% if we divide 119 by 120 + 1, we obtain 

n = .98+,to two places of decimals; and 119-^(60 — 2) = 
2.05 = & to two places of decimals. Tlie other two roots 
will be found to be real and equal. [See solution elsewhere.] 

From equations (2), (3), (4) it is easily discovered that 
such equations are easily solved. [See solutions.] 

From equation (5), 

(- 30)= - 2(340) = 220 = a= + 6= + c= + (?= + e'. (Th. IT.) 
220 X 5 = 1100 = D of sum + sum d) of diifs. (Th. II,) 
1100 ~ (30)= = 200 = sum [D of diffs. 
200 X 10 = 2000 = D of sum of diffs. + sum [D of the 
differences of differences. 2000 i s m ade up of two perfect 
squares, viz, 1600 and 400. VlGOO = 40 = gum of differ- 
ences ; and V400 = 20 = sum Jirst order of differences. 
And 40 -*- 20 = 2 = common difference of roots. 

.-. a-|-a + 2 + ffl + 44-ffl + 6 + « + 8 = 30. 

"Whence « = 2, and the roots are 2, 4, 6, 8, 10. Trial 

proves these roots to satisfy all the conditions of the prob- 
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lem, but that of llie absolute term, whicli has been d 
by 10. 

.-, The roots of (5) ate 

< 2, > 4, < n, > 8, and < 10, 
which means that the roots lie between 1 and 2, 4 and 5, 
5 and 6, 8 and 9, and 9 and 10. We have now accomplished 
all that the " Sturm Theorem " is capable of doing for us, 
but with far lesa labor and in much less time. We will 
now carry the location of the roots a step fsuther than that 
capable of being accomplished by the "Sturm Theorem." 
Letting a, b, c, d, and e represent the roots, then, from the 
Natural we have for the products of roots taken four and 
four: 

ubal= 384, 

abce = 480, 

abcle^ 640, 

acde = 960, 

bale ^ 1920, 



^0 -^ > 384 = 9.97, 

abed 



3830 _ 

5^=rf = 3830^< 480 = 8,10, 
abce 

?§^ = c = 3830 -f- > 640 ==5,84, 
aiide 

^5=6=3830h-< 960 = 4,11, 
acde 

§^ ^a = 3830 ^ > 1920 = 1.97. 
bode 

Beginning with a, for bcde we add 2 x 10 to 1920 for 
divisor ; for b, decrease 960 by 3 x 10 ; for c, increase 640 
by 1 X 10 ; for d, decrease 480 by 1 X 10 ; and e is found 
by taking (a + b + c + d) from 29,99; for if we approxi- 
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mate the roots by any known method, we cannot find for 
sum of roots a closer approximation than 29.99999+, which 
will necessitate the approximation of each root to at least 
six places of decimals. 
From equation (6), 

x'- 73 3^ + 89 x^ 4- 103 a;' + 771 a; + 29 = 0. 

We give the method in full, as this equation was sub- 
mitted for sohitibn by A. H. G-odby of Carder, Missouri, 
who regards the problem as a difficult one. It will be seen 
that the equation is easily solved by our method, while its 
solution by tlie Homer metlwd and Stm-ni TJieorem is long 
and tedious. 

(1) (-73y-2{89)=5151=a=+6'+t''+i?-+el (Th. II.) 

(2) (+771)^ - 2(103 X 29) = 588,467 

= ^Md" + ... + bcde\ (Th. V.) 

(3) (103)^ + 2 (- 73 X 29) - 2 (89 X 771) = ~ 130,953 

= abc+abd^ + abe-\ \-cde^. (Th. V.) 

.-. (Th. V), thf equation contains imaginary roots. (101.) 

But every odd degree equation contains at least one i-eal 
root affected by a sign cont^-ary to its absolute tm-m. (110.) 
.■. The equation contains a minus tool; and by inspection 
of the equation we can see that such real root is < — 1. 

We, nov) proceed to discovei- its Natural, if possible. 

Dividing the equation by a; + 1, we obtain 

(A) x'-7i3? + lG&x'-GGx + &31 = (}. 

If the absolute term of ■ equation (6) was 831, — 1 would 
be a root. So a, the first root, is < — 1 (113). From (A) 
(Th. IV), (-74)=~2(+163) is largely a + quantity, 
while (-60)^-2(163x831) is largely a - quantity. 



yGoosle 



bO functions of squares. 

Therefore (A) will contain a real root contrary to sign of 
absolute term ; and being of even degree, if it contains mie 
real root, it must contain two real roots. .'. (j1) contains 
two real and two imaginary roots. .'. Equation (6) con- 
tains three real roots and tico imaginary roots. (110.) 

831 is exactly divisible by 3, so we divide equation (A) 
by CB — 3, and obtain 

{B) x'-rix^-BOx- 210 = 0. 

If the absolute term of (A) was 630, (3 x 210), + 3 would 
be a root. 

We now multiply B,x + 1, and k — 3 togetlier, and obtain 

iC) ic'-73a,'' + 89x' + 103a!= + 570(B + 630 = 0. 

.-. (0) is the Naturoi equation from which (6) is derived 
by increasing the coefficient of at in the Natural by 201, o.nA 
decreasing the absolute term of the Natural by 601. 

From (B) it is seen that the real root ■will be -\-, and 
> 71, but < 72 ; and this would be the case should the abso- 
lute term of (B) be as small as — 1. Therefore, the roots 
of (6) will be <-l, > + 3, but < + 4, and > + 71, but 
< 4- 72, and two imaginary roots. We will now locate or 
determine the roots more delinitely. Letting a, b, and c 
represent the real roots in the order of their mf^nitude, 
29 -h 771 = .037 = a to three places of decimals, with a re- 
mainder, after division, of .473, which we divide by 601, 
the decrease in absolute term, .473 -t- 601 = .00078, the next 
two figures of the root. .-. a = — .03778 to five places of 



The next root is > 3 but < i, so we divide the equation 
by + 3, using the method of synthetic division, and obtain 
+ 2 for a quotient. Continuing the division of the remain- 
der by + 3, we obtain as a divisor of 4- 2, — 3687, 

.-. 2 -^ 3687 = .0OOS4 = the decimal part of b to five places 
of decimals. Whence, ?> -- 3.00054+. 
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Again, dividing equation (6) by (ic+-03778){3;-3.000o4), 
we obtain the cubic 

(D) n? - 70.03724 3? - 118.3901731824 x - 255.70108 = 0, 
which may be written for solution, 

(E) a?- 70.04 St? - 118.4 x - 255.70 = 0. 
(£), solved, gives c = 71.7398+. 

To obtain the imaginary roots, 

(.03778)^ + (3.00054)^ + (71.7398)' =a'' + f + <?. 

Taking the swm of the squares of the roots thus far found 
from the sum of \Ii of aU the roots, vje obtain the sum. of 
the [H of the imaginary roots. 

Letting d±^—l represent the imaginary roots, their 

product = J + i = (.03778)(3.000M)(71.7388) ' =''°°"^^'' ^' 

5151 -{a^ + W + <?) = - 4.60328714 = 2 (F + - 2 /. 

... rf^ -f _; = _ 2.30164357. (Diriding(2d= + -2;) by 2.) 

Whence, 2 d^= 1.2655691. (Adding ((P + ^Z) and a^ + l.) 



-=.7954+. 



And ±V^=±V- 2.929428. (Subtracting (a?-\--l) 
and ((^ + 1), dividing by 2, and taking square root of both 
members.) 

.-. The roots of equation (6) are 



71.7398, 3.00054, -.03778, and -. 7954 ±V- 2.929428. 
From eq. (7) a^ + V" + (? + a^ + e'^ 48.6. (Th. II.) 

a^ ^-^ + ... + d? = -4722.31. (Th. V.) 

.-. The equation contains imaginary roots. (101.) It also 
contains a real mniws root. (110.) Tlieorem V also gives a 
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plus quantity foi' sura of squares of roots, taken three and 
three, and four and four. [Equation 7 was submitted for 
solution by A. H. Godby, of Carder, Missouri.] 

To detei-niine its Natural (if possible), and locate the roots. 

(1) 48.6 x5=243=n of sum of roots + sum of \B of difEs. 

(2) 243 -;-2= 121.5. 

(3) 243-5-3=81. 

(4) The side of the greatest intogral square in 121.5 is 11, 

(5) The side of the greatest square in 81 is 9. 

(6) — J'^ = IQ- (One root lies between -9 and -11.) 

We now divide the equation by a^ + 10, and obtain the 
biquadratic, 

(A) 3^ + i^ + 33.7 x' + 120 a! -F 107 = 0. 

.-. If the absolute term of (7) was 1070, —10 would bo a 
root; and as the absolute term of (7) is > 1070, one of the 
real roots is > — 10, but < - 11. (113.) 

Increase the coefficient of of in {A) by .3, and we have 

(B) ^-1-4 3!' -I- 34 3,-^ -I- 120 IB -I- 107 = 0. 
Introducing — 10, by synthetic multiplication, we have 

(C) x^ + lix' + 743? + 4:&}9? + 1307 X + 1070 = 0. 

(0) is the Natural from which (7) is derived, by changing 
the coefficients of af*, af, and absolute term in (0). 

Does'the equation (7) contain more than one real root 9 
We will now investigate whether it contains another real 
root ; and, if it does, it wiil contain three real roots. (110.) 
Dividing equation (7) by ~ 10, by synthetic division, we 
obtain — 148 for a quotient ; and dividing the remainder by 
- 10, we obtain -|- 8277 for a divisor of - 148. -^^ = ,01, 
which is the first tvvo figures of the decimal part of the 
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TOob whose real ptu't is —10. .-. 10.01. Then for cor- 
rection divisor add .01 of 8277 to 8277, and we obtain 
8360, nearly. .-. ^^^^ = .0177 = foui decimals of the root, 
.-. ~ 10.0177 is one of the roots of (7). 48.6-(- 10.0177)= 
= - 51.7553 + = sum of E of the other four roots of (7). 
The sum of H] of the roots of tlie biquadratic being largely 
aminvs quantity, (Ae other four roots of (7) will be imaginary- 

NoTfc — TFfleji it becomes kiioiuu that an equation of the Jiffift con- 
tains hat one real root, the gimplest and most sati^actoi'y method is 
found by changing the equation to one of Ihe tenth degree, and ap- 
pioximatmg the prodact of each pair of imaginarles. When tlie 
product of each pair becomes known, they niay tie placed equal to 
a^ + I, and 6^ + !)i. 

To illustrate. Take the equation 

(^) x^+m-£* + nx^ + ox''+px + q = 0. 

Let (A) contain but one real root. Thnn wa may represent the 
roots, algebraically, a& follows ; 

The sum of the squares of the roots are found by Theorem II to be 
«2 + 2 fca + - 2 1 + 2 c^ + - 2 m = m^ - 2 ». 

When 62 + I and c* + m are found it is seen that all the roots of 
the fifth are easily obtained. 

[See solutions of quinties and general formula for changing an 
equation of the fifth into an equation of the tenth, given in another 
part o£ this volume.] 

From equation (8) : One real -|- root, and four equal cou- 
jugate imaginaries. The real root is V37. 
From eg. (9) ; 

(-lGy-2(12&)=i=a?+b^+c^+d'+e^. (Th.II.) 

As 4x5 is <(— 16)^, the equation contains imaginary 
roots. (130.) The sum of [I] of roots is a perfect P, and we 
try (4)* or 2 for the real root. It is found to satisfy all the 
conditions of the equation, and is therefore a root, (16.) 
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.-. The sum of the squares of the remaining roots will be a 
zero quantity; and dividing equation (9) by (x — 2), by syn- 
thetic division, we obtain the biquadratic. 

{A) a:' - 14 cc' + 980!= -343 a! 4- 609 = 0. 

The four roots of which are found to be 



3.5 + V_12.25 + V-8.75, 



3.5 -V -12.25 4 



3.5^-V„i2.25- 



3.5 - V_i2.25-V-8.75. 

["See general solutions of biquadratics given in another 
part of thic work.] 

185. To determine the location and uhavacter of the fol- 
lowing miscellaneous equations : 

(f) a!*-7a;'4-17ip'- 16.625 a; 4- 5 = 0. 

(m) a^ - 756 ic' 4- 142885 »;= - 378 k 4- 2700 = 0. 

(«) (B*4-114a]?4-ll«=~184566ic + 1601 = O. 

(o) a;^ - x= - 43 a;= 4- 86.5 3:4-119 = 0. 

{p) a,-^4-21ar'4-170!C'4-665a?4-1176a^4-343a;-117=0. 

{q) a;' 4- 2 (B« -13 cc'-46 ^-A\ a^4-100 x'+2mx+lU=0. 

(r) 3:' + 2 3:»-2 3;-4ai"4-993,-"4-478c«'4-658x* 

4-196 ii!= - 2499 x + 4878 - 0. 
From (I). 

(- 7)= - 2 (17) = 15 = «= 4- 6' 4- c^ 4- d\ (Th. II.) 

(17)=- 2[(- 7 X -16.625) -53 = 00.25 = a? 4- ■■■4- 35". 
(Th. IV.) 
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By inspection we see that the sum of squares of products 
of roots taken tJiree aud three will also be a plus quantity. 
We would therefore infer that the equation contains all real 
+ roots. The same we will find is true of the other biquad- 
ratics (m), (»), and (o). 

To solve these apparently difficnlt equations we submit 
them to a general solution, wliioh we will now briefly 
illustrate. 

186. Let fl,-* + nia? + no? + oa; + 5 = be an equation of 
the fouHh degree, of which we are required to represent the 
roots in terms of the c 



(1) Let 



2o 



(2) Put %y = q. 

(3) Find e and y from (1) and (2). 
(3) Write for quadratics 

K^ + 'I a; + z = 0, 



(5) Substitute the values of z and y in their respective 
quadratics, which solved gives the roots in terms of the 
coefiicients. 

187. By this method the biquadratics 185 can be solved, 
and their -roots detei-Ttiined to a far greater degree of accuracy, 
and in less time than it takes to solve any on£ of the equations 
by the old methods. It is the only satisfactoi-y solution for 
this class of biquadi'atics ever discovered, and does not depend 
•upon Cardan's rule, nor does it require the removal of tlie 
second term. It will be further illustrated under the head of 
general solutions. 
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, To solve (l) by quadratics. 

a!* - 7 a!= + 17 ar" - 16,625 3! + 5 = 0. 
s - 10.625 



(1) ^ + ^ = 17-^ = 4.76 = 

(2) zy = 5. 

((4.85)= ~ 4 (5))* = z--y= V2:5625. 
.■. « = 2.375 +V.640625, 
y- 2.375 -V.640625. 
We now write the q\iadratics 

(c) 3!= -^ 3.5 K + 2.375 + V.640625 = 0. 
(i) x^ - 3.5 a: + 2.375 -V.640625 = 0. 

Their product equals equation (I). 

It will be discovered in the solution of the quadratic (e) 
that the equation contains two real roots and a pair of real 
ima^nariea. Almosl an entire solution of the equation is 
required by tlie Sturm Theorem in determining the cJiaracter 
of the roots. In the general solution no attention is given to 
the character of roots, foi' their true character and signs are 
developed by the solntion. 

From (2>) : It will be shown in the solution of equations 
of the Sixth Degvee that they depend upon the solution of 
a cubic. 

From (5), 

(2)= - 2 ( - 13) = 30 = «= + &= + c= + d' + e' +/"■ (Th, II.) 

184 = the product of the prime factors 2, 2, 2, and 23. 

The equation is of odd degree, therefore one real root at 
least. (110.) We now try — 2, and find that it satisfies 
the condition of the equation, and is therefore a root. (16.) 

We now separate the equation, if possible, into a ciiStc 
and biquadratic, letting 2x2x2 = 8 = absolute term of the 
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cubic. If — 2 is one of the roota of the cubic, then will 
2 X 2=4 be the product of the otliei' two roots. We easily 
form the cubic 

(A) x^ + iaf-\-8a! + S = 0, 

which has — 2 for a root. Dividing (I) by (A) wu obtain 
the biquadratic 

(B) x'-2^-13x^+Ux + 23 = 0. 

Tlie roots of (J5) are easily fonnd, as in the solution of (J). 
The roots of (jB) are all real, two + and two — . 

.■. {q) contains five real roots and a pair of imaginaries. 

From equation {r), (+2)^ — 2(— 2)= 8= sura of squares 
of roots (Th, II.). The equation is of odd degree; there- 
fore, one real + root at least. (110.) The coefficient of x 
is an exact division of the absolute term. ,'. We try + 2 
for a root, and find that it satisfies the conditions of the 
equatioo, and is therefore a root. (16.) The equation is 
now reduced to an equation of the Eighth Degree, which we 
find no trouble in separating into two biquadratics : 

(A) x' + 2x> + ^>j'^21 = 0, 

and (B) a^ + 2a^ + 17ar' + lCa; + 119 = 0. 

(A) and (B) are readily resolved by the genera! inetliod 
for the solution of such biquadratics. (A) contains two 
real roots, one +, and one — , and two imaginary roots; 
and (B) contains all imaginai'y roots ; because 



17. 



(2yY_/ 2xic v 



which is less than 4 x 119. That is, 

(17 _ 1). „ 4 (119) = - 200 = (; - yf. 
Whence, s - y = V^200. 
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.'. Equation ()■) contains six imaginary roots and three 
real roots. 

Bbmahk. — The foregoing illustrations are really methods of so^it- 
tions, ratlier than methods of locations of roots. Oar aim is to Bolve 
an eqitalion mtlumt giving any attention to the signs and character of 
its roots, until they are determined by the sohition. 

CUBIC EQUATIONS AND SOLUTIONS. 
189. 'I'o find l.lie roots of 

{A) :<,■=- 2.5 a:= + fia3- 1-1 = 0. 

(1) o=+&-^ + e2 = 42.375-(-2.6)^-2(n)- (Til. 11.) 

(2) ab'' + ^ + bi? = m = (Uy-K-^-^X-m- (Th. ill.) 
C3) .■.ac + bc-ab = U= (.m)^- (114' ) 

(4) .■. 2 a6 = }|, and ab = A. (Sulitracthig jj-i and (S),) 

(5) Whence ^^^ = ^=li = c. 
(8) 2.6 - IJ = a + 6 = 1.25. 

(7) ,-. ITrom a+b = 1.25 fincl ab = Jf , we readily find the other 
two roots to be i and J. 

(8) .-. The roots of {A) in the order of tlieir magnitude are J, J, 
and IJ, being all real and plus. 

190- To find the roots of 

{B) a,-= - 2 a,-^ - 59 3! + 168 = 0. 
Solution. 

(1) a^ + 6^ + c2 = 122 = sum of [I] of roots, (Th. 11.) 

(2) 122x3=366= □ of sum of roots + sum [i] of diffs. (Th. II.) 

(3) (306)^ = 18 = n + 6 + e. (10 being rejected (26),) 

(4) .-, 1 L+ ~ ^ = 8 = sum of plus roots in formation of equation ; 

(55 '~^^ 10 = sum of miiiKS roots in formation of equation; 

true sign + . 
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(6) Either 8 or 10 must be a root of tlie equation, at least of the 
Natural, for the equation does not contain four roots. But it is 
seen by inspeotion that 8 is an exact divisor of the absolute tenn. 
— 8 is tried, and it satisfies tlie equation, and is therefore a root. 
122 - (8)2 = 68 = (|2 + 62, and ij* = 21 = ab. We now find the other 
roots to be 3 and 7. Therefore, tlie roots of (B) are 8, 7, and - 8. 

191. To find the roots of 

(C) ar^ + 7 a; - 48 = 0. 

KoLiTTioN. Tlie second term is wanting, and the sign of tliird 
term +. .-, only one real + root and a paii' of imaginary rooti'. 
(119 and 120.) The sum of llie squares of tlie roots 
= -14=C±0)-2(+7). (Th.II.) 
Change its sign and multiply by 3, and we have 42. The aide of the 
greatest square In 42 whose side Is integral is 0. .■. 6 -=- 2 = 3 = c, 
the greatest root (26), at least of the natural. S is tried and is found 
to satisfy the conditions of the equation, and is therefore a root. (IG.) 
The other two roote are found from « + 6 = 3 and a6 = 10 = ^, from 

which we find « or 6 to be — L± y. -¥ .. 
2 

192. To find the roots of 

(I)) X' - 12 a= + 72 X - 216 = 0. 

(1) a=+62 + c3 = o=(-12)2-2(+72). (Tli, II,) 

(2) (72)2 _ 2 ( - 12 X - 210) = = ^^ + ^ + j^^ (Th. 11.) 

(3) .■. Only one real root, the -v^lB = 8. (122.) 

(4) 0-(6)3 = -3C = «2+6^ andoO=sji = 3C. 

(5) From (4) the other two roots are found to be 3 ± V— 27, or 



193. To find the roots of 

-bS + 32x^ + 319 a; + 1008 = 0. 
Solution. 

(1) a'i+6= + c' = 386=(.'i2)5-2(31!l). (Th. 11.) 
(2) (al/ + ac^ + bd' = S7U9 =(319)2-2(32 x 1008). (Tk. Ill,) 
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(3) (37249)^ = 193 = ac + to - ab. (114.) 

(4) ,-. m±m = ao + U, and M^ = ab = 63. 

(5) .-. c=iSga=i6, and 32-lG=16=a+6, and l{a+b)^-iaby 

^ ' 2 ' 2 

(7) The terms are all plus, tlierefure ive write £or tlic roots of the 
equation, _ 6, - 8, and - 16. (111.) 

194. To fintl the roots of 

Solution. 

(i) aa46= + c2 = lfi = (-4)=-2(i0). (Th. 11.) 

(2) ^^ + ^^ + 6^^ = 72 =(±0)2 -2 (-4 x + 9). (Th. III.) 

Here the third tei-m is wanting, but TIi. III. brings to light the sum 

of tlie squares of the products of the roots two and two. 

(H) 3 X 72 = 216 = □ of sum of products + sum of \s\ of differ- 

ences of products. (Th. I.) 

(4) (216) J = 6 = a6 + «c + be. [210 being a perfect cube. ] 

(5) .-. 1±±^ = 3 = sum of + products in the formation of equa- 

(6) .-. - 9 -r - 3 = 3 = c. 

(7) 16 - (3)2 = 7 = rt^ + 6= ; and 7 X 2 = 14 = □ of sum + sum [|] 
of diffs. .-. i4-(l)2 = 13 = (a-&)^ whence, 

(8) a-6=Vl3. 

(y,,... = 1 + ^1?, and 6 = 1^^. 

' ' 2 2 

195. To find the roots of 

af + ix^ -9 = 0. 
Solution the same as the above, and roots tlie same, but of different 
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196. To find the roots of 

ipi - .8589 K + .14n = 0. 
Solution. 

(1) a^ + 6» + e2 = 1,7178 =(± 0)= - a(- .8589). (Th. 11,) 

(2) 1.7178 X 3 = 5,1534 = [Jot sum of roots + sum [s] of diffs. of 
roots. (Tb. II.) 

(3) (5.1534)^ = 2 = sum of roots. 

(The side of the greatest integral square being taJten for sum of 
roots. This will give the true uumerical mim, or it will be sufBoient to 
locate the roots hy determining the Natural.) 

(4) ... ?iU! = 1 = mm + roots ; Iru. sign - . 

(5) ^-^ = 1 = .am - root, i ttui »lgn + . 

As the equation contains two + roots, from the signs of its terms, 
— 1 is tried and is found to satisfy the equation. It is therefore a 
root. (16.) 

(8) Whence, 1.7178 -(- 1)2 = .7178 = a= + ?>^. Their product, 

I'rom (6) a and 6 are found to he respectively equal to .17 and 
.83. Therefore, we writ* for the roots of tlie equation, .17, .83, 

Note. — Should the absolute term of the above equation be greater 
or less than .1411, say less, and be .1410. The process discovers its 
Natural just as soon as — 1 becomes known. The Natural would be 
found to be the given equation. We find the roots of the Natural to 
be .17, .83, and —1. Then should the equation read, a' — .8589a: 
+ .1410 = 0, the roots would be < .17, > .83, and <- 1. (112.) 
Should the equation read, # — .85893; + ,1412 = 0, then the roots 
would be >.17, <.83, and >- 1. The methods for solving an equa- 
tion of the tkh-d degree, whose roots are approximate, are to be found 
under Art. 226. 

197. To find the roots of 

1^ + 2x^ + 9 = 0. 



-2(±0). (Th. 11.) 

= (±0)^-2(+2x + 9). 
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(3) (Cliangingthesigii). 2(30 x 3)J = a = a(j + ac f 6c. 
m...»ii».3...„K+r„a.,,,,u...sn-, 

and ~ ~.) ~ = 3 = sum p^ — roots ; true sign + . 

(5) .-. — 9-:-— 3 = 3 =, say c, tlie greatest root. But tlie sum of 
[?] of Pi is a minus C|uaiitity. .■. The equation contains but one veal 
root. + 3 satialiea all the conditions of tlie equation, and is tiierefore 
a root. (16.) 

(6) 4 -(3)= =-5 = (12 + 62; and «6 = 1 = 3. 

(7) .-. n + e = (a' + 63 + 2o6)* = (-5 + 6)4 = l, 

ajid o - 6 =(a^ + 62 - 2 (,6)4 =[- 5 - (+G)]* = V^^U. 

<»)■■• «-»=i±^- 

198. To find the roots of 

fl;3 _ 2 K^ - 9 = 0. 
Solution same as ahove, and roots nunjerically the same, but of 
opposite signs. 

199, To find the roots of 

a!= + ar= - 10 ar + 8 = 0. 

(1) o;! + 62+o2 = '21=(+l)2-2(-10). (Th, IT.) 
(B) 21 X 3 = 63 = n of sum of roots + sum [D of diffs. (Th. II. ) 
(3) (S3)i = 7 = a + b + e. (The side of the great integral square 
in 63 heing taken for numerical sum of roots.) 



(5) — 4 is tried and it satisfies the equation, and is therefore a 

oot. (16.) 

(0) .■. 21 -(-4)2 = 5 = ([2 + 62; and8-^4 = 2 = ab. 

(7) .-. « + e=.(a2 + i>2 + 2a6)4=[5+(2x2)]^ = 3i 
Jid a-6=(n2 + 5S-2n6)^=[5-(2x2)]s = Vyi = l. 

(8).-. (, = L£l = 2,andLlLl = l. 

(0) .-. The roots ace 1, 2, and - i. 
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200. To find the roots of 
Solution. 

CO «^+&M-c5=Mi=(3V)^-2(-^). (Th.ii.) 

(2) ^ + oc' + tc' = ^j = (- i)2 - 2 ( + ^c >; - J,). (Th. in.) 

(3) Q^xS)i = i^ = ab + ac + be. (The side of the greattst in- 
tegral [s] being taken from JJJ as tlie aumerator and deaominator of 
the fraction representing sum of jja.) 

(4) .'. (M + — h)-^^ = -ia = s'i'" of + products ; trae sign minus. 

(6) .■.[JS-(-J)]-2 = ^ = sura of- products; true sign ??»«. 

(0) ^ ^ j^ =; J = «. J is tried and it satisfies tlie equation, and is 
tlierefore a root. (16.) 

(7) -V5--i = T^ = A=6c- 

(8) M*-a)" = ^ = '>' + ""■ 

(9) From (7) and (8) 6 and c arc found to be, respectively, — | 

(10) .-. J, — |, and — J arc tlic roots of tlio equation. 

^"'' mxS = -V^ = n of sum 4- sum E of diffs. 
The side of tlie greatest integral squares in 108!i and 900 is 32 and 
30. Tlie fraction ^ is, however, rejected. (26.) U is then taken as 
tke numerical sum of Kiots. 

■■■ (|i + iAr) + 2 = ^ = Bum + roots; trae sign -; 
anii (U - ^) -i- 2 = if = sum - roots ; true sign +. 

JJ^ ^ J = Q, one of the roots. The' other roots are obtained as in 
the prior solution. 

2(9.. To find tlie roots of 

a,-' + K - 30 = 0. 

(1) «2 + &2 + c* = -2=(±0)-^-2(I). (Th. 11.) 

(2) .■, Only one real + root and a pair of pure iinaginaries. (Arts. 
24 and 100.) 

(3) 3^ + a; = 30. (Transposing absolute term.) The side of the 
greatest integral cube in 30 is 3, which satisfies the condition of the 
problem, and is therefore a root. 
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(4) .-. -2-(3)2 = -ll = a^ + 6^ and oO = ^ = 

(5) (a2 + 62 + 2 ab)i =[- U + (2 x 10)]* = 3 = 

(6) (*!a + 6''-2o6)i=[-ll-(2x 10)]* =V^ 



202. To find tliu roots of 

SOMITIOS. 

(1) a^ + 6^+c^ = ^jj=(±0)=-2(-JSi). (Th.n.) 
(ii) tiff X 3 = '^ ^ n of sum of roots + sum {s\ of difts. 

(3) (ViV)* = If = a + & + c. (jj being rejected (26).) 

(4) .-, ff -5- 2 = ^f = 3um of + roots ; true sign - ; and Jf = Biim 
— roots i true sign + . — |f must be a root. It is tried and satisfiea 
tlie equation, and is tlierefoi'e a root. (16.) fif-(M)^=H?=''°+6^ 
and ^f -:-§§ = (> = n6. From sum of squares of a and 6 and tlieir 
product we find « = f , 6 = |. .-. The roots of tlie equation are }, 
j, and - ii- 

203. To find the roots of the following ciibics : 

(Z) 3?-377x' + 36267 x - 900315 = 0. 
(m) 0? - 373 x" + 34767 x - 900316 = 0. 

(n) s?- 23x^ + 14:2 X- 120 = 0. 

(o)a^-21ie«+ 983;- 120 = 0. 

(p) a?-i9x^ + e5Sx-26AQ = 0. 

(q) a?-5l3^ + 758x- 2640 = 0. 
The foregoing cubics were suggested by Professor H. P. 
Baker, now president of Lamar College, Lamar, Missouri, 
in his criticism of the application of the functioJis of 
squares in determining the roots of equations, and he asks, 
What shall we do with this class of equations ? They do 
not differ in solution from that, of any otiier equation. In (J) 
and (ift) the sum of the squares of the roots in each equation 
is equal to 69595, and tlieir products are also equal. 
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Taking eqiution (I), 

(1) 69595 X 2 - 2(36267) = 66656 = sum of squares of the 
differences of tlie roots. (124.) 

Taking equation (m), 

(2) 69595 X 2-2(34767) ^69Gofi = 5iim of squares of 
differences of roots. 

We now see thai, the sum of the squares of tJie differences of 
the roots of (I) and (m) are not the same; and while the prod- 
uct of the roots and the sum of the squares of the roots are 
the sawie in both equations, the sum. of the roots and tite sttm 
of the sqttares of the differences of the roots of each equation 
a/re not the same. Shovld they he the same, the roots of each 
equation would be t!ie same, in consequence of wJdch two sets 
of roots coidd be foztnd tliat would satisfy tfie conditions of the 
equations, and the wliole tlieory of equations would fall to the 
ground. 

204. Hence we see that the sum of the squares of the 
roots of two equations may be the same, but the sum of the 
roots, and the sum oftJie sqttares of the differences of the roots, 
wiU not be the same. 

From (I), 66656 x 3 = 199968 = D of sum of diffs. of 
roots + sum of \E of the diffs. of diffs. of roots. (Th. II.) 
If we take from 199968 one-half of the sum of their squares, 
we will obtain the square of the sum of their differences, - 
nearly. It will be sufficiently close to determine the sum 
of the differences. 

199968 - -^api = 166640 = D of sum of diffs. nearly. 
(Taking square root.) 

16 66 40 [408 ^2c-2a. (125.) "Whence c-a = 204. 
16 
808 66 40 
64 64 
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We now readily find the roots of (I), as in (143), to be 39, 
93, iind 243. 

In the same way we may arrive at the toots of the equa- 
tions (m), 0.), (0), 0^), f^d (q). 

205. Again, when the roots of equations are large and 
integral, which is readily discovered by the maguitude of 
the sum of squares of roots and size of absolute term, the 
roots are easily obtained by separating the equation into 
its prime factors. 

To illustrate. Take absolute term of Q) or (m). The 
prime factors of 

900315 = 5, X 3, X 3, X 3, X 3, X 3, X 3, X 13, x 19. 

Taking the first and last factor we have 5 x 19 = 95, 
which we try in (l), and it proves to be a root. (16.) While 
13 x 19 = 247 proves to be a root of (vi). It would be a 
loss of time to solve either (J) ov (m) by first finding the 
snm of the squares of ite roots ; but should the toots be real 
and imaginary, and approximate, the functions of squares is 
of great advantage : for should the absolute term of either (J) 
or {m) be 4,000,000, we will find, mentally, that (l) or (m) 
will then contam but one real root; for the sum of the 
squares of the praducts of its roots, taken two and two. 
is then a minus quantity. (101.) It will be shown further 
on, as we progress in the solution of cubies, that the easiest 
and simplest way to solve such an equation is to use out 
method of changing the cubic, and apptoxiinating the 
product of the imaginary roots. 

SOLUTION OF CUBICS BY QUADRATICS. 

206. Letting si? + ma^ + nx + q = (i always represent the 
general equation of the third degree, then, when 

207. (.A) f -^' = 9, 

the equation can be retluced to a quadratic of the form 
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209. If (A) be true, tlieii the solution of (B) will produce 
the greater real root, which can be no other tlian — - : for 
when ^ — o" ~ ^' ^^ equation contains three roots so 
arranged in magnitude that the sum of the two smalter roots 
is equal to the greater or third root. This is also true when 
the cubic contains real and imaginary roots, in which case, 
the Slim of the real parts of the imaginaries is equal to the 
real root. 

210. To illustrate. Take the equation 

a?-8af + 19.75 .-b - 15 = 0. 

_ _8x 10.75 S'_ir 



(1) Then, 



8 2 S 

(Changing signs.) 



(3) .-. 79-64 = 15. Whence -|-.^4 is a root of the 
eqiration, say c. Then 

a + b = i = (S-i), and ab = 3.75 = J/. 
Whence a = 1.5, and b = 2.5. 

211. To find the roots of 

a;5 + 5 a;^ + 7.5 a; + 3.125 = 0. 
Applying the formula (A) (207), we have 
(1) 5-?!^- 1=3.125. 

OX 7.5_-,Q 7j- 



(2) 



■'•^ 
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(4) .-. 18.75 - 15.625 = 3.125. Whence f = 2.5 is one of 
the roots ffith its sign changed. ,-. —2.5 is a root. {16.) 
5 - 2.5 = 2.5 = a + b, and ^^ = 1.25 = ab. From this 
we find a or b = -1.25 ±V^Sl25. 

212. To find the roots of 

3,5 _ 6 ^ 4_ 13.5 ^ _ 13,5 = 0. 

Here we see by Th. II. that (- G)= - 2(13.5)= 9, the 
sum of \si of roots, and that 3x9<(— 6)1 .-. The equation 
contains imaginary roots. (130.) .■- Only one real root 
with sign +. (110.) 

Applying the formula (A^, we have 

- 6 X 13.5 (-6)^ i„- 
2 g---13.o, 

.-. ^ = 3 = one of the roots, say c. Then a + b — 3, and 

ab = i^ = 4.6. From a + b and ab we iind 

ft or b = 1.5 ± V-2.25. 

213. It is evident from the foregoing (211, 212) that 
any equation of the Third Degree may be made to assume a 
quadratic form by the removal of its second term, and then . 
substituting for the unknown quantity a new unknown 
quantity, which we will illustrate as we progress in the 

REMOVING SECOND TERM IN CURICS. 

214. To remove the second term of the general equation 
of the Third Degree, 

(E) 3? + ma? + nx + g = (l, 

we change the equation to the following form : 
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215. If ^- — nis -i- , the coefficient of y mil be minus ; aTid 
if it be —, the coefficient of y will be plus. The coefficieid of 
y being one-sixth of the sum of the squares of the differences of 
the roots in the equation to be cJianged, with its sign changed. 

216. Let it be required to remove the second term of 
{&) 3? + ] 2 3!= + 44 » + 48 = 0. 

Applying the formula (F) we write 
(JI) / - 4 7/ ± = 0. 

(1) r!!^^n) = ^-ii^i. .: -iy. (215.) 



Va 



(2). 



[ Ex-dxii 



_ 12 X 44 



(3) ^ = if_|_ii = 176. .-. 17C- 176 = 0. 

217. It is seen that the second term of (G) cau be re- 
moved, and equation (H) formed, mentally. Were the terms 
of (G) alternately -{- and — , the result would be the same. 

218, We will now write equation ((?) in this form : 

x> + 12s^~4Ax + i8 = 0. 
Applying the formula (F) we write 

1/5 -92 2/ + 352 = 0. 
To ilbisti-ate. 

(l)^^-«^ = ^-(-44)= + 92. .: -92y. (215.) 
4 4 4 

4 
(3) VB = llA^^ = -17(>. .-. 17G-(-17(i) = 352.' 
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219. Let us now write the equation, thus: 

From formula {F') we write tlie eq\iation 

/_ 92 J -352 = 0. 
To illustrate. 

(l)(f->') = 4*-(-«)- + 92- .■■ -'J2s. (215.) 

-4 
(3) ^= -'^^^"^^ = +176. .■- -17C-(+17G) = -352. 

220. To remove the second term in 
From fovmnlii (F) we write 

To illustrate. 

(1) ('f-»)=(t-3)--l|- ■■. +1|'/. (215.) 

^ ' \21 ') \ 3x3x3 y " 

(3)^_ -''^+3 „^2. .-. -18Jf-(-2)_-16if. 

221. To remove the second term ill 

From the formula {¥) we write 

S>-l|!/ + 5if = 0. 
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To illustrate. 

m /g"' I ^ 2x2x2x2 , , .,. 

222. To remove the aeooiid term in 
From the formula, (F) we write 
To illustrate. 



.3 16J ■■■ ■• 



(2) (^+9J=2x(xtx(xA + 6 = 5rI»= 






223. To remove the second term in 

a,-^ + 327 a;^ + 35643 « - 2590058 = 0. 

Applying the formula (F) we write 

)/» - 3885087 = 0. 
To illustrate. 

109 



(1) 



(f-)=P 



109 109 109 

X » X » x » I 



(2) i^ + , = ±ii?«il»LiiW«+_25900S8 =0. 
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(4) - "SS-OST = - ^S-08" 

224. It maj be leiniikel tlit bj apihcation of the 
formula (F), the aeLwnd teim uf any eiiiiple equation of 
the third degree may be removed mentally and the new 
equation written out in full In oui oyini n it greatly ex- 
cels in brevitj that of the oil methoi Ihe formula gives 
the coefficients of the new equation m teims of the ooeSi- 
cients of the equation to be changed A\hen the third term 
of the given equation is wanting, ^ is always a zero quan- 

/'2 m' \ ^ 

tity, and I -^ + 9 J will be the absolute term of the new 

equation. If the reader will apply the formula to five or 
ten different equations, which he may form at random, he 
will become proficient in the application of the formula; 
and we do not doubt that be will prefer its use to that of 
the old method when lie has occasion to remove the second 
term in a cubic equation. This method has, also, an im- 
portant advantage over the old method in this : that while 
we ai'e applying the formula, the cJiaracter and signs of the 
roots become known ; and thus does the application of the 
formula perform a double function. 

225. Examples. — Remove the second term in the follow- 
ing equations, and then compare tlie labor with the old 
method : 

(l)a?-(i.' + A',!'-3 = 0. 

(2) 3^-2a^ + 5fJa,--|=0. 

(3) 3^ - 377 3!= + 36267 x - 900315 = 0. 

(4) j,-" + Ha,' + Hi + if = 0. 
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SOLUTIONS OF CUBICS. APPROXIMATE ROOTS, 

226. Thus far have we been dealing witli cubica contain- 
ing, at least, one integral root. We will now take up a 
different class of cubic equations. The condensed method 
of approximating the real roots of cubic equations will be 
found to greatly excel in brevity that of any of the old 
methods; but can only be applied when the roots of the equor 
tion are all re<d quantities. We will also introduce, under 
this heading, the method for changing the cubic and ap- 
proximating the product of the imaginary roots, — if such 
equation contains imaginary roots whose product is inconi- 
mensurable. We also offer a method for the solution of 
cubic equations in the form of ^±px±q=0. This method 
will be found to differ but little from the simple extraction 
of the cube root of a number, which can be found fully 
illustrated in any arithmetic. 

227. To change an equation of the third degree into 
another cubic equation having for the mm of its roots the 
swm of thepfoducts of the roots taketi in pairs of two, or two 
and two, of the given equation, let 

{A) a]?-^mft^= + m■ + g = 

be a general cubic equation. To change the equation, so that 
n, tlie coefficient of x, shall become the coefficient of a;', we 
write an equation, thus : 

(B) x'' + vx" + mqx' + q' = Q. 

This foi-mula, (B), will be found to be correct; and, by 
Theorem III., the sum of the squares of the roots in (£) 
will be the same as the sum of the squares of the products 
of the roots, taken two and two, of the general equation (A). 
The eluiracter of the roots will be the same in both equations. 
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228. If n be wanting in {A, 227), tlien we w 
changed equation, 

(C) a'"±0 a^'" + mqx' + ^^ = 0. 

229. If m be wanting in (A, 227), tlien we ^^ 
changed equation, 

.(D) x'^ + nx'^ + q'^O, 

omitting the third tei-in, \ 



230. If »i iind H be both wanting iu {A, 227), we write 

{E) ■jf'+<f = (\. 

The roots of (JET), when found, will be the separate prod- 
ucts of the roots iu 

(F) '^ + !; = 

231. We will now illustiitc Ik « tin Hi rnev method'' 
can be used to advantage in cubics i ( nt nning but one real 
root, if such root be appioximite 

To illustrate. Take the equation 

(G) a^-Gx' + nx-5 = 0. 

This equation contains but one real root. .-. Represent 
the roots by a + V— 1, a — ^—l, and b for the real root. 

(1) ByTh. 11., 2fl? + -2;-|-6= = 14 = (-6)=-2(H). 

(2) By formula (£, 227), the changed eqnatiou will be 
(H) a!" - 11 x" + 30 a;' - 25 = 0. 

(3) The only real root tlrat (IT) will contain, it is evident, 
must be that which is represented by 

ia + V^l) X («-V~-^) = «= + ;. 
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(4) It is easily seen that when a? -[-l becomes known, 
a^-\ — I also becomes known ; and that b ia found by divid- 
ing the absolute term in (Gf) by the value of a!' + 1 in (H). 

(5) By the Horner method we find ci' + i to be 7,4043 to 
four places of decimals. 

((j) .-. ^ — ^7777^= -^^^283+ to six places of decimals, 

(7) .-. 6 - .675283 = 5.324717 = 2 a. Whence, 

a = 2.6623585 ; and a^ + ^ = 7.4043. 

(8) Taking the square of h fi'om the siim of their squares 
in (1), we obtain 2 a? -\ — 21; and, dividing by 2, we obtain 

((^ + -; = 6.77199Gi3+. 

(9) -■. («' + 0-('^' + -0 = 2^=-6323+. "Wlience, 

I = .31615 ; and V^ = V-. 31616. 

(10) .-. The roots of ((?) are .675283, and 

2.6623 + ± v'-.3161+. 

232. To find the roots of 
(/) iV^-2a;-5 = 0. 

Solution in Fl-ll. 

(1) a^ + b-' + e'' = i=(:+0)-2(^2). (Th.II.) 

(2) ^ + W-|-6?^4^(-2)2-2(±0x-5). (Tb. III.) 
By BubstilTitiiig V4 or 2 in (J.), the Natural equation is formed. 

(I'} .: a^-2a;-4 = = the Natural of (7). 

(3) a,-= = 5 + 2x. (From (^1) by tranapoaiiig.) 

(4) .■.x = </^T2^. (Fromy.) 

(5) x>2; .-, v's"+2^>v^. (6) .■. x = ^i) + inc- 2x. 
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eed to take the -v'9 + inc. 2x. Tlie j 
9 [2. 09456145 



(2)^ = 


8 


(2)2x300 = 1200 


1,000 






120000 


1.000000 


20 X X 30 = 5400 


.18^iiic.2a; = 2x .09 


(9)^ = 81 
125481 


1, 180000 
1.120329 




.050671000 


(209)2 X SOO - 13104300 


.008 = inc. 23: = 2 x .004 


209 X 4 X 30 = 25080 


.058(171000 


(4)2 = 13 


.052517584 


1312939S 


.006153416000 




.0010-mc.2a; = 2x.OOC 


(209i)5 X 300 = 1315450800 


.007153416000 


20U4 X 5 X 30 = 376920 


.006570138725 


(6)2= 25 


.000574277275000 


1816827745 


.00010 = inc. 2k = 2x .OC 




.000674277275000 


3(20945)2 =(20S4)2 + 2(20S4 x 5) 


.000658055246375 


4- 52 = 131607903500 


.000016222028725 




.000002 = inc. 2a = 2 X .« 




.0000182+ 



The iast two figures being found from tiie !a3t divisor. 

233, The foregoing process differs but little from the 
simple extraction of the cube root of a number + p times 
the increment of its root, ajiet' the side of the greatest integral 
cube is taken from, the number. 

234. Returning again to the solution of (I). Having 
fouud one of the roots, aay c = 2.09463145, to elglit places of 
decimals, we immediately discover that the other two roots 
will be imaginary, because (2.09455145)' > 4, the mm of the 
aqtiares of the roots. This alao became known as soon as one 
of the roots was found to be > 2, for the (> 2)= is > 4. The 
real parts of the imaginary will be — , and is 2.09455145 
-^ 2 = 1.047275 + . Their product will be 5 -f- 2.09455145 
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= 2.3S71+. Therefore, the part affected by the radical 
will be 

2.3871 - (1.04'275)^ = 1.29037+ . 



... _ 1.047276 ± V- 1.29037+ are tlie other two roots. 
235. Again : Applying formula (i>), we have (229), 
(a^- 2iB-5 = 0) = iP^+2ar^-25 = = the new equation. 
a.-'-25-2a;l 



X = -^25 -2 ;*.■*, as s > 2, V25 -'2x'< -^17. 



.-. 3; = V17-inc. 2a!^ = 2.3871+. 
The labor is greatly lessened by the latter method, as can 
be verified by trial. 

236. To find the roots of 
(J) x^-Tx + 7^0. 

Solution. 

(1) a3 + 6= + c'^ = H. 

(2) 14 X S = 43 = n oi sum + sum U) of diffs. (Tli. 11.) 

The side of the greatest integral square in 42 is C, .-. fi -^ 9 = 3, 
and — 3 introduced in (J) gives the Natural 
(c) ^-Ix + e^O. 

The roots of (c) iwe 1, 3, and - 8. Therefore, the rools of (J) 
will be > 1, < 2, and > — 8 (113). We now approximate the roots to 
two places and obtain 1.3, 1.7, nearly, and 3.0. Tlie sum of the 
squares of their differences is 4.73+, say 4.8. We now take the square 
root of 42 within the limit > 4.8 and < 4.S. 
42 |6.Q378+ 



120 
1209 


6.00 
6.0000 


12187 


1,0881 
4,911900 




.085309 


121918 


4.82559100 




.00975584 
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.-. ^■™I§=3.O480. Whence, soy c = - 3.0480. 
■. <! + 6 = 3.0489, and a-b= V(14 - (3.0480)^ x 2) - (3.0489)2 



Whence, a = 1.3509, 'and b = 1.6020. 

237. !Retnmiiig to the solution of (J, 236), we have, by 
transposition and changing sign of absolute teiin, 
(6) x'^ = 7 + lx. 

Whence, x = vT+Ta. 

As z>3 in (6), VfTTx>-?M. .: a; = vW+THSTTa. 
Taking cube root of 28 + inc. 7 x 1 3.048017 



(3)' = 



37 



(3)» X 300 = 2700 


1.000 




1,000000 


270000 


.28 = mc.7:cr=7 x .04 


30 X 4 X 30 = 3600 


1,280000 


{iy = 16 


1.094464 


273616 


.185536000 




.066 = inc 7a; = 7 x .008 


(804)2 ^ 300 = 27724800 


.241636000 


804 X 8 X 30 = 72960 


.223382592 


(8)'^ = 64 


.010153408000 


27707824 


.00a3 = inc.73; = 7 x .0009 


-. 


,025453408000 


(SOiSy X 300 = 2787091200 


.025091228169 


3048 X 9 X 30 = 822960 


.000362170831000 


(0)= = 81 
2787914241 


.00007 = inc. 7 a: = 7 x .00001 


.000482179831000 




.0002787+ 
.0001534 






.000049 = inc. 7 :i; = 7 + .000007 




.0002024 



have c = 3.048917 to six places of d 

14 -(c)= = ((3 + 62 = 4.7041478119. 
. [(4,7041478119) x 2 -{cy}^ = a - 6 = .38 
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... <, = MiMIzi.M513 = l.a668&+, 
2 

and ,^ 3.048817 + ..mi3^,g3a02^^ 

2 
238. Eesiark. When the square of 300 1b known, the square of 
the successive numbers 3.04, 3048, 30,489, 304,891, and 3,048,917, are 
readily found by tlie algebraic formula ; (a + b}' = a^ 4- 6^ + 2 ali. 
To Ulustrate. (1) (304)' = (300 + 4)^ = (300)' + (4)" + 2 
xm0xi=(a + by = a' + b'' + 2xaxb. 

(2) (300)= = 90000 

(3) (4)==. 16 

(4) 2 X 300 X 4 = 2400 

(5) Sum =92416 = (304)1 

Again : (3048)' = (3040)^ + (8)' + 2 x 3040 x 8. 

(3040)= = 100 X 92416 = (10 x 304)= = 9241600 

(8)'= 64 

2x3040x8= 48640 

Sum = 9290304 

In the sinie w ^ the b iiiire f ^0 4S9 i i> be fund 
■V, tho t much 1 il 01 

239 The method (,236) i,iven for sohition cf (/i e\cpl>, 
ill other methods in brevity but it can only be applied m 
thp solution of equations whose loots lie all reil quantities 
Ihe method, which we sh'vll call Condensed A^ioiimfitun 
depends upon this fact If the toots of an equation a>e 
kitown to tao j laiMs of decimciU each the sgtiaie loot of the 
turn of aquaies of iffU multipliefi by the degree of the equa 
twn tdheti withm the himt of ilie sum of the squaies oj the 
diffmences of the toots to tuo places of decimals tmll be the 
sum of the roots to fjur plates of deLitials and taken viithin 
the It/nvt of the sum of ttte spates of the differences of the 
roots tofoui places of decimals wUl be tJie sum of the toots to 
eigJU places of decitimls; and of eight places, to sixteen places; 
and so on, without limit. 
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240. I'o fmd tlie roots of 



■0. 



Solution. (1) Th. II. , (i^ + fi^ + n^ = S. 

(2) (( X 3 = 18 = n ot sum of roots + sum [s] of difts. (Th. li.) 

The side of the greatest □ in 18, whose side is mtegral, is i. 

.-. 4 -r 2 = 2. With - 2 we build the Natural 
(L) a;S-3j;4-2 = 0. 

The roots of (£) being I, 1, and - 2. .-. The roots of {J) -will be 
< J, > 1, and < -2 (113), This means that one root lies between 
and 1, one between 1 and 2, and one between — 1 and — a, but 

(3) .-. a:3 = 1 _!- 3 ^. 

[Changing sign of absolute terra and transposing.] 



As X in the transposed equation is > 1, aud near 2, the ^'l + 3 a 


>y/i. .-. a =V4+ increment 3 




Taking the cubic root of (4 + 


increment See), we have, as follows 




4 + ine. 3a;|1.87938 


300 


3:000 


8 X 1 X 30 ^ 240 


2.4 = inc. 3a^ = 3x .8 


(8)2=: 64 


6.400 


604 


4.832 
.508000 


(18)2 X 300 = 97200 


.21 =inc. 3x^3 X .07 


18 X 7 X 30 = 3780 


.778000 


(7)3 = 49 


.707203 


101029 


.070797000 


(1.87)3x300 = 10*90700 
187 X 9 X 30 = 50490 


.027^inc. 3a: = 3x .009 

.007797000 

.094871439 


(9)2 = 81 
10541271 


.002925561000 

.0009 = inc. 8 E = 3 X .0003 


(1879)3 X 300 = 1059182300 

1879 X 3x30= 169,110 

(3)2 = 9 

1059301419 


.00.3825661000 
.003178054257 
.000847600743 


.00024= inc. 3k = 3x .00008 
.0008875+ 
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The last figure of the root being obtained from the last divisor. 

/. Tlie greater root, say c, = - 1.87938, oxa + b. 

.: 6~(cy=cfl + b'' = 6- (187038)2 ; 

md 2[3-C1.87038)^] = (a+6)«+(<(^6)^. (41, Th. I.) 

a + b = 1.87938. 

.-. a-6 = [(11-1.87938^)2 - l.H7U3a^]^ = 1.184788. 

,. « = L87938-_M84788^3^,2gg. 



We now submit tlie oondeiiseiX method in full. 

241. SoLrnoN OF (K2iO) bt the Condensed Method, 
( X 6 - 18 ={a + 6 + <!)2 +(a - 6)» + (b - c)2 + (& - c)^. (Th. II.) 
The roots found to two places of decimals each are : 
a= ,34, 



c = 1.87. 

.-.1.53- .84 = 1.19, and (1.10)3 = 1.416!. (1) 

1.87- .84 = 1.B3, and (1.53)2 = 2.3^09, (l>) 

1.87-1.53= .34, and ( .34)^ = .1156. (3) 

Adding (1), (2), and (3), we have for the sum of the, squares of tlie 

differences of the roots to tieo places of decimals, 8.8726. 

Taking the square root of 3 X 6, or 18; witliin thia limit, wo obtain 
the sum of tlie roots as follows ; 
Limit 3.8J28 





18 1 3, 7587 




9 


6.7 


9.00 


7.45 


4.60 
4.3100 




.3725 


7.508 


3.037500 




.060064 


7.5167 


3.8774.S600 




.00526169 




3.87217431 
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Why not .0000 for tte fourth daeimal place ? The last dMsor 
wmld then be 75J06, and, multiplied by .008, gives .00450906, whioli, 
taken from the last remainder 3.87743600, gives 3.87292604. So we 
see that .0007 is the closest approximation to the limit 3.8726. Hav- 



ing the sum = 3.7587, c 



ot, the greater, h 



3.7587 _ 



1.8703S. Tlie 



Other roota will be found as in. the preceding solution. 

Remark. — (1) Find by trial the first root to two places of deci- 
mals, and (2) the last root, or greater, to two pla<;e3 of decimals ; 
(3) their difference will be the middle or second root ia magnitude to 
two places of decimals. 

242. To find the roots of 



(M) 



9^ -F ic" - 500 = 0. 



Here the sum of the E of the roots = 1 = (1)« - 2C-(-0). (Th. II.) 
The reaJ root is ■+ (110). The integral part of the real root must 
be the side of the greatest integral cube in fiOO. This we find to be 7. 
And as (7)*>1 X 3, the equation contMns imaginary roots (100). 
Ix3 = 3 = n ot sum of roots + sum of \T\ of difts. of roots. And 
as one of the roots is > 7, its D is > 49- .". 3 - > 49 - > - 40 . 
Transposing term s, we ha ve a;* = 600 — *^. ^Vhence, x = v'BOO — i?, 
as X > 7. The ■v'600 -%"< \'45T. .-. s = v'500 - inc. X'. 
Taking tlie cube root of 600-inc. x° [ 7.61728+ 

(7)": 



(7)3x300 = 14700 
7x6x30= 1260 

lStl96 

(76)2x300 = 1732800 . 
76x1x80= 2280 

(1)== 1 

1736081 

(701)2x300 = 173736300 Lef 
761x7x30= 159810 

or-^^ ^ 

17381)6109 



=(7)= 



157 
ssJ9 = inc. 
108.000 
05.076 
12.024 
ss 8J6^iiic.a^=2x7x.6x(6J2=8.r6 
3.264000 



1.628919 

,1 521=fac .J^' =2x7.6 
1.376819000 
1.21727311 3 

.159545887 



;.0H-(,01)2=7521 



The other two figures of the root are found fror 
siiTitTacUng the incj-ement ofi? before mvUiplying. 
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We now have the real root, say e, = 7.(117ii8, and 

^ = a^ + l = 65.64022853 + = (« 4- V^ (a - V^. 
(a + V^)2 + (a-V^)2+(c)2=2 (fi+--2 i+c==l = sum of \s\ of roots, 

.-. l-(7.ei738)= = l-58.0321)645984= -57.O220&i598i=2 a^+ -2 1. 
Whence, a^ + - i = - 28.5114772902. 

(a8+-;)-(fl2 + i)=-2I=- 94.1517058293. 
Whence, -l = - 47.0758529146. 



.-. y/-l = \''-41.015»o4-. 



.: The roots of (JW) are 7.01728, and -4.308G4".± V-47.07585 ..- 

243. Xo find the roots of 

Solution nv the Cosdesski) Method. 

(1 ) Its Natui'al is x' - 7 a; + 6 = 0. (J. 236.) 

.-, Roots are all real, and < 1, > 2, and < - ;>. (113.) 

(2) The Bum of [|] of roots = 14. 

We now approximate tlie first and last root to two places o£ de 
mals each, and find .14 and 2.71. .'. 2.57 will be tlie middle root. 
(8) 2.57- .14 = 2.43, and (2.43)2 = 6.9049. ( 

(4) 2.71- .14 = 2.67, and (2.57)2 = 6.6049. ( 

(5) 2.71-2.57= .14, and ( .14)»= .0196. 
(G) .-. 12.6294. [Adding (<i), (6), (c).] 

(7) 14 X 3 = 43, and (42)^ within the limit 12,5294, gives 

(8) 6A28Q5 = sum to Jive places of decimals. 

(0) .-. 2.71447 = c, the greater root, to Jive places of decimals. 

[Dividing (8) by 2, the second term of (If) being wanting.] 

(10) .■. 14 -(2.71447)2 = a= + 62; 
and (a2 + i2) 2 = (n+ 6)2 + («-*)=. (Th. I.) 

01) .'. {[14-(2.7i447)^]2-(2.71447)2}i=:rt-& = 2.4280+, 

(12) .•.„ = 3:IlM7^1i?80 = .U327^. 

(13) ...6 = ^.71447+2.4280^3,^,,^^ 

244. Second SoLrTion. sfi—1 + 7 x. [Transposing terms a 
changing sign of absolute term of (jV, 243).] 

Remark. The reason for changing sign of absolute terra is 
render the greater root a + quantity. 



y Google 



L14 FUNCTIONS 0"F KQ0AKES. 

(1) K has been located to be > 2, but < 3. 

(2) .■.x=-i/l + lx = -i/l+l x2 = Vl§. Biitai 



V1 + 7«>V15, 


■. ^ = Vl5 + inoreme 

lf)|3.7144787 


lit 7 a. 


(2)3 = 
(3)2 X 300 = 1200 
7 X 2 X 30 =^ 420 

(7)^=^0 


8 
7.000 

4.B = inc. 7 1 = 
11.900 


" X .7 



(2.7)3x300 = 218700 




Using the last divisor and 
omitting ail but six places of 
decimals in tlie quotient. 



.00040 = ini 
.001670+ 
.001517 
.000132 
.000050 = ii 
,000188 
3.71i4787 to 



Then c, tlie greate 
mals, Tbe other two roots, a and 6, are now 
to be, respectively, .143277 and 2.671200. 

245. To find the roots of 
(0) x' + a - 9 = 0. 

Solution. (1) The equation c 



: Pure, and the 



(104, 100.) 
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SOLUTIONH OF CUBICS. 



(2) By foniiula (1), 229) v 



TKOXIMATB ROOTS. 115 



(-P) 



3?-a;=- 



The roots of (P) are evidently the products of the roots taken t' 
and two in (0), As (O) contains but one real root, (P) will cc 
tain but one real root which is tlie prodact of the imaginary roi 
in (0). Transposing terms, a^ = 81 + a;^. Tlie side of the greati 
integral cube in 81 is the integral part of the root x in (P). Tl 
13 4. /. x>i. Whence 



x = </W 


+ ii 


nc.a;^ = [(85 + 16) + 1110.^2]: 
97. 1 4.0870721- 


^= 




Si.QOO 


(4)2 y. 300 = 4800 
4 X 6 X 30 = 720 




5.lfi = inc.3;2=(4.6)2-( 
38,100 



(4.0)3 >; 300 = 034800 


5.566400 


10x8;<3O= 1\040 


6.167232 


(8)3 = 04 


.399168000 


646904 


,oa6569 = ine.a= = 2x468x.0007 + .000f 




.464737000 


(468)5 X 300 = 65707200 


.460038703 


168 X 7 X 30 = 98280 


.004098:^97 + 4687 x 2 x .00007 + .00007^ 


(7)2 = 49 




658055-20 





.■. Letting a±V^ represent the imaginary roots in (O), their 
product will he a^ + l- 4.6870T2 ; and 9 .;- (a^ + i) = 1.92017632094, 
the real root of ( 0) io eleven places of decimals. The second term 
being wanting in (0), the sum of the + and — roots in the forma- 
tion of the equation are numerically the same. .■. 1.02 ...4 -^2 
= .96008766347 Is the real part of Uie imaginary with its sign changed ; 
and [(.90OO."7) + \/^][(.96OO...7)-V^] = 4.687O72. Whence 
we find +2 = 3.76-531+. 

.-. The roots of (O) are 1.93017532694, and 

- .90008766347 ± ^-3.70531+. 

Rkm.iuk. a^ + a— 10 = may be taken as the Natitral of 
3;^ + K — 9 = 0. The roots of the Jfalwal being 2, and — 1 ± V— 4. 
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SOLUTII 
<1) 



PUNCTTONS OF SQUARES. 

To find the roots of 

ic3 _ 123 K + 345 = 0. 



f 6= + 



= S4S. 



(2) 246 :< 3 = 738 = \Jo( suni of roots + sum [s] of difts. (Th, II,) 

The side of the greatest integral square in 738 is 27, which we 
reject. (26.) 26 is then taken, and 26 -;- 2 = 13 ; and substituting 
—13 in equation, we discover that 26 is not tlie true numerical sum of 
roots, heing too great. 25 is rejected. (26.) 2i is then taken, and 
24.^-2 = 12, and —12 substituted in the equation, the Ifatttral is 
formed, being 
(K) K* -^ 123 1 + 252 - 0. 

.-. If we change sign of absolute term in (Q), the greater root will 
be +. The roots of (B) are 2.13+, 9.87+, and - 12. 

.-. The roots of (Q) will be > 2.13, < 9.87, and > - 12. 

Changing sign of absolute term and transposing, we have 
it' = 316 +123 a;. 



Whence, z : 


-V34& + 123K. 


As K > 12, the v'MS + 123 x. > y/im. 


.: X- 


= -&'l821 + inc.l23a;. 




1821112.291023 


(12)3 = 


: 1728 





93.000 


(12)= X 300 = 43200 


24.6 = inc. 123 t = 123 X .2 


12 X 2 X 30 = 720 


117.600 


(2f = 4 


87,848 


43924 


20,752000 





11.07 = inc. 123 »: = 123 X ,09 


(122)2 X 300 = 4465200 


40.822000 


122 X 9 X 30 = 32940 


40.483989 


(9)2 = 81 


.338011000 


4408221 


.123 = inc. 123a=123 x .001 




.461011000 


(1229)2 X 300 = 453132300 


.453169171 


1229 X 1 X 30 = 36870 


.007841820000 


(1)2= 1 


.00246 = inc. 123 e = 123 x .00002 
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SOLUTIONS OF CUBICS. AIMMiOXIMATIi: ROOTS. 117 

The last two figures of the root being obtained by tlie last diyisor, 
adding tie increment of 128 x eacli time before mnltiplication. 

,-. The greater root in (P) is — 12.291023 to six places of dectmalt. 

Letting a, b, and c represent tlie roots in order of magnitude, c ivill 
be tlie greater root. Then a -i- b =c, the second term of the equation 
being wanting. 

(1) a=i+&*+c*=24e. .-. 243- (12.21)1023)2 

(2) =240-151.000246386529 

(.■J) = 94.930753613471 = aH6^, and multiplied by 2 



= 189.861507226fi42 = Ca+6)2 + («-&)^- (41~-Tli. 
((! + 6)-^ = 161. 069246386520; and subtracted, 

— by; and taking square r 



, 12.291023-6.228343 _3,j3^3^Q. 

2 
^^12.201023+6.228343 ^g_^^^gg3^ 



PROBLEMS. 
Find the roots of the following etiiiatiocs : 

1. 3?-3x+7=0. n. ^~5x'-5x-4=0. 

2. a?+3x-7=0. 12. a?+5a!=+5ie+4=0. 

3. a?-27!B=+54a;-216=0. 13. 3^^-14213^+6684=0. 

4. 3?+273^-5ix+216=0. 14. afi+U21x+m8i=0. 

5. 0,^-11 a^=+173;~22=0. 15. 3^+23a!=+13a;+13=0. 

6. a!^-llieH17a!+22=0. 16. «^+233^+13fl;-13-:0. 

7. x=-123^+72a;-144=0. 17. ar'-10ar'+31 ie-30=0. 

8. fl^+123?+72a;+144=0. 18. cB»+10a!=+3l3i-30=0. 

9. a?-3a^-3x-i^0. 19. !)38+17a,-=+20a!+l=0. 
10. a?+3x^+3x+i=0. 20. a-'-17ii!^+20a,--l=0. 
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118 T-fJNCTIONS OF SQUAEES. 

Apply formula {A, 227) to the following equations : 
(a) 3^-17a^ + 54ie-350-0. (d) ic' + 1 J. a, _ | = 0. 
(&) a^-ia? + 6x~5=0. (e) 3?-ii-x + ^ = 0. 

Eind the value of x in each of the following expressions : 
(/) [ 9 + increment Sa;]^ a; > 2, < 3. 

(g) [ 28 + increment 6k]*. x>3, <4. 

(ft) [127 + increment 20 a;]*. x > 5, < 6. 

{{) [ 16 + increment 3a;]l x>2, < 3. 

niQUADllATICS AND SOLUTIONS. 

247. To find the roots of 

(A) j:' + iafi-l^a^-i(ix + 12i) =0. 

(1) a2+&2 + c= + d2 = 54=(4)S-2C-10). (Th, II.) 

(2) ()4x4 = 2I6 = no^sumof roots + 3iim[s]of tUffs, (Th. II.) 
The side of the greatest integral square in 216 is 14. 

(3) ,-, ?^* "*"* = 9 = aum of jJus roots in formation of eq^uation ; 

(4) .■. = 6 = sum of mimis rools in formation of equation ; 
true sign +. 

Ifrom algebraic sura ajid signs of tlie terms of the equation, there 
are two + roots and two — roots. .■. We write the quadratics 
(p) x^ + Q3: + y = 0. 

The product o£ (p) and (q) will be 

(B) a^ + 4 ic= + (e + y + - 45)^^ + (9e + - 6y)x + e>/ = 0. 

The coefficients of (B) are evidently equal to the coefticienta of 
(A), at least in the Natural. 
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BIQUADRATICS AND SOLUTIONS. 119 

(5) .-. e + y + — ii>-— Ifl. Whence, 

(6) e + v = 26. 

(7) ey = 120. rFrom tlie abwlute terms of 

{A) and(B)]. 

Solving (6) and (7), we find e = and j) = 20. We now complete 
the quadratics of (p) and (5), which solved gives for the roots o£ (A), 
2, 3, and -i, - 5. 

Tlie roots of (jl) may also lie found from n 4 i = 5 and c + d = 0, 
and abed = 120. 

248. To find tlie roots of 

(C) ai' + x^ + .5 ;>^ - 5 X + 25 =0. 

Soi,UTION. 

(1) rt2 + &2 + c= + di = = C+l)^-2(.&). (Th.II.) 

(2) o6cV«M^ + ((^^ + 6ed^ = = (-5)2-a(.5x26). (Th.II.) 
.-. Tlie equation contains all imagiuary roots ; for in equations of 

the fourth di-giee unless a few "reciprocal equations," wlien the 
sum of squaies of roots and sum of squares of products of roots taken 
three and tkiee are iu both taaes a zero qvanlity, the equation must 
contain all iiaagmiry roots Such imaginary roots must be equal 
conjugate iimginaiLe=! in which the square of the real pai'l of the 
imaginary miwA be j t nvnenUy equal to that paH of the root tweeted 
bp the radical or the equation must contain Pure and Ileal iini^- 
nariea, the sum of whose squares are numerically equal, but having 
opposite signs m consequence of which, cancel each other, or become 
gero. Equation (C) hainig one of its tenns affected by a mtnue 
sign, the real parts of tlie iinaginaries will have opposite signs, one 
pair being + and one pair — . We now represent the roots of ((7), 
algebraically, as follows ; 

a ± V— o^ and 6 ± V— fi'. 

Their product will be 4 0^6^ = 25. Whence ab — 25. 

From their algebraic sum we write 2 6—2 a=l. Whence ft— a=,5. 

.-. a + b=lia-by + iab]^ = 1/10.25 = 3.201502 + to ^x places 
of decimals. 

.: „ = 3.201562-5^^^E(,^^| ,,„^ f, = ^'^"^''^^ + -'^ = 1.850781^. 
2 2 

.-. The roots of (O will be 
1.350781 ± V^il.^mJSJ y, and - 1,850781 ± V-{1.850781)2. 
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120 FCNCTIONa OF SQUARES. 

249. We now write the equation 
(I)) (g* + 3? + .3 ^ + & X + 2r. ^0. 

It will be noticed tliat (D) differs from ((?, 248) only in tliat of 
the sign of the fourtli term. Tlie sum of squares of roots, and sum of 
squares of products of roots taken tliree and three, are in both cases a 
zero quantity. .'. The equation contains imaginary roots, one xiair 
being Pure and one pair Seal. Tl:e signs of tlie real parts will not 
be changed, one l>eing + and tlie other — . We now write for the 
roots the algebraic expressions, 

a ± V^, and — & ± V—m. 

2a^ + — 21 represents the sum of tlie squares of one pair, and 
3 63 -I — 2 jn represents the sum of the squares of the otiier pair of 
imaginaries. .-. (2 a* + - 2 + (2 6= + - 2 n*) = 0. (Th. II. ) 

If 2a^ = 2l, then will 2 6^ = 3 nt, and the roots would be tlie same 
as in. (0, 248). But this we know cannot be the case, for no two 
equations can have the same roots if the signs of its terms are dif- 
ferent. 'Ilie last term is a perfect squivre, therefore we may write the 
quadratics, 

(ji) 3^2 + 2 6 + 5 = 0, and 

(3) 3i2 - 3 a + 5 = 0. 

If {p) and (q) be the true quadratics, tlieir product must be equa- 
tion (D). This product we find to be 
(_E) a'+(2S + -2«)KS-)-(10 + -4a6)x^4-(106-(--iOa)*-|-25 = 0. 

The coefficients of (E) are, therefore, equal to the coefflcients of 
(D). .-. 26 — 2 (I = 1. Whence 6 - « = .6, and 10 + - iab = .6 ; 
whence i ab — 9.5, and 10 D - 10 a = 5 ; whence b~a = .5. 

.: a-|-6=[(a-t)-^-l-4aI']^=C9.75)^ = 3.122498+, to six places 
of decimals. 

3.12249B-,6^-^3„g^g and 6 =^'^^^^« + -^ = 1,811248. 

2 ' 2 

' Having found the real parts of the imaginaries, we now proceed to 

And ± V^t, and ± V— wi. We may now write the imaginaries thus ; 

1.311240 ± V^, and 1.811249 ±V- m. 

The sum of the squares of these expressions will be : 

(1.31249)^2 ± 2( V^)= = 3.43874788 + - 2 ;. (c) 

(1.81124)^2 .-t2(v'- )ii)^ = 6.5G124588 +-2m, (c) 
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(1) .■. = 4.00999688 +~l+- m. [Adding (e) and (c) and 
diyidiiig by 2.] 

Tliis last espression may be written for solution 

(2) 5 -I- - ; + - m = 0. 

(3) .-. l + m = &, or 4.09990688+. 

(5) (6+V^rSX6-V'^^)=B= + ™. 

(6) .■- a^ + &^ + i + w = the sura of their products. 

(7) As l + m = 5, ia = 5-l. (a^ + fJCi^ + m)= ^^ + «%» + 
bH + Ivi = 25. 

(8) It lias been found that iab = 9.5, whence ab = 2,375. .-. 

(9) a=62 = (2.876)2 = 6.640025, which we now substitute in 
(a= + 7)(6^ + ~). 

(10) .-. 5,640025 + (1% + bH + Im = 26, and subtracting 5.640625 
from both sides we have 

(11) a^ + l^l + lm^ 1S.359375. 

■ (13) ,-, P_ 6,561349.; =- 10.762u053, [Substituting in (11) o^ 
and b\ and putting ijj = 5 ~ ?.] 

(13) .■. ( = 3.28062394, and ± V^ = ± V - 3.3806aa94, 

(14) (in) now becomes known, and ± V-m = ± V~ 1.71937394. 

Eemabk. — It is seen that in the solution ot (D) we have arrived 
at roots in the form of a± V — 6^, and 6± V—a^ ; and in the solution 
of (C), roots in the form of a±V—a^, and & ± V - 6'^. In both 
cases the sum of the squares of the roots, and the sum of the squares 
of the products of the roots, taken three and three, are zero quan- 
tities ; and we will find this to be trne of all equations of the 
fourth degree^ having the sum of squares of roots and sum of squares 
of products, taken three and three, a sero quantity. There are, 
however, a few " reciprocal equations " of the fourth degree that 
may be found to contain two real roots and two hnaginary roots, 
ar' + 23^ + 2a^ + 2a + l=0Jsan equation of the latter class, usually 
called a " reciprocal " or "recurring" equation. 

Referring again to solution of {I}), the numerical sum ot roots is 
found to be 0,244096+. 
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.-. ^-3^^696 4- 1 _ 3.6224S8 = aura of + roots in formation of equa- 
tion I true sign - ; and ^-^^*^ " ^ = 2.622i98 = sum of minus roots 
in formation of equation ; true sign +. /. Tiie roots of (i>) are 

1.311249 ± V - a 2»0b2294, 
and - 1.8112J9 ± V- 1.7193739*. 

250. To find the roots of 
(£■) a^ - ar' + .5 a;^ - 5 X + 25 = 0. 

SoLUTiOH. (1) a= + 6^ + cs + d^ = = (- 1)= - 2(,5), (Th. XL) 
(2) ^fi?+((ft^+«cSV6^=0 = (-5)3-2(.5x 25). (Tli, IV.) 
.-. The roots are imaginary (132). We now write the quadratics ; 
(e) *^ - i + V(7)a: + 6 = 0, and 

(/) x^-i-^/(T}x + 6 = 0. 

Tiicir product will be 

The coefficients of (F) are evidently equal to the coefficients of 
(£). .-, 101 - i = ,6. Whence, I = 9.75, and Vi = v'9?75 = 3.122498. 
We now complete tlie quadratics (e) and (/). 

(g) x^ - 3.622498 a + 5 = 0, and 

(h~) a3 + 2.0224989; + 5 = 0. 

Solring (g) and (7i), the roots of (E} are ohtaincd, being numeri- 
cally the same as tlie roots of (Z>, 249), but of opposite signs in the 
real parts of the imaginaries. 

Remark. — It will be found that if we desired to solve (J>, 249) 
by quadratics, we would simply change the signs of the coefficients of 
X in (3) and (h) ; and, in which case, the equations would be for the 
solution of (D, 249) 

(i) x^ + 3.622498 2 + 5 = 0, and 

Tiic solutions of (i) and (J) would he the l-oots of (D, 249), and 
would be a great saving in time and labor. 
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251. To find the roots of 
((?) x' + 22^ + 75x^- 662 x - 2224 = 0. 

Solution. (1) a!' + b^ + ifi + d'^^SU = (22)^-2(15). (Th. 11.) 

(2) 334 X 4 = 1336 = n of sum o£ toots + sum {£ of diffs. of 
roots, (Til. II.) The terms of the equation not being ali +, or alter- 
nateiy + and — , the numerical sum of p^ is not Itnowii. .-. We talte 
from 1338, (22)2- 2(-.. 75) or 634. This wili be the sum of tlie 
squares of the differences, nearly; sufficientiy near to obtain the 
numericai sum of roots, and to iind its Natural, at ieast. 1336 — 634 
= 702 = p of sum, nearly, according to our hypothesis. The side of 
the greatest square in 702 whose aide is integral ia 26. .■. ■ "'" - = 24 
- sum + roots ; true sign — . — ^^ — = 2 = sum - roots ; tine 
sign +. We now form the quadratics : 

(p) 3:= + 24a; + j = 0,and 

(9) x''^2x-z = 0. 

The product of (p) and {q) is 
(ff) xi-i-22x^ + (-z + y + ^iS)x^ + (-2i2+--2y)x-zy = 0. 

Tlie coefBcieniB of (if) are equal to those of (G). 

(1) ... — s + J, + _ 46 = 75. Wlience, y — e = 123. 

(2) ay = 2224. [From absolute terms of '(3) and (II) by chang- 
ing sign.] 

(3) .-. [(2 -y)^ + i ^i/]^ = 156 = 2 + y. 

(4) ...^ = liL=i?? = 16iand;, = lMiiM=m 

Substituting the values of z and y in (p) and (q) and solving by 
quadratics, we find for the roots of ((?), 1 ± VlT, and - 12 ± VS. 

252. To find tlie roots of 

Solution-. 

(1) a^ + &^ + £= + <J2:=15=(-5)5-2(5). (Th.Il.) 

(2) ^c^ + (ifil;^ + B^-(-ioS^=15 = (-S)2-2(5xl). (Th. IF.) 
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W w 1 q t wh 1 -ally 11 1 rr g 

p-ol ^i th ffi tftf li luflt q Uy 

dUtfintlxt te fthqt h th mlgn 

aymyb d dto qtnfilftltd bldg 
the equation by 7?. 

Dividing (J) by x\ and eollectLng terms, we liave 



Su'bstitutiii'j y fov x-\--, and w^ — 2 for a;^ + — i 
a; x= 

j/^ - 5 ?/ + * = 0, 
Whence, y = ^, oi" 1- 

.-. ic + ' = 4, whence a: = 2 ± V3 ; 

and when a + l= 1, k = J (1 iV^^). 

253. It will now be our object to render the solntions of 
all snch equations much more simple and direct. 

To do this we write for snch equations the general 
(special) equation 
(i) a,'' + ms? + nx' + mx + 1=0. 

We now write for the equation (L) the quadratics 

ip) a^ + aa; + 1 = t>. 

(g) x^ + bx + l = i>. 

Their product will be 
(J/) a^ + (a + 6)a,-= + («& + 2) a^^ + (a + &) a; + 1 - 0. 

Examining the coefficients of (i), we at once discover 
the relations of the terms to that of (J). The coefficients 
of (M) are evidently equal to the coefficients of (i). We 
notice that the coefficients of a? and x are the same ; while 
the coefficient of a^ is made up of the product ab + the sum 
of the products of the quadratics (p) and (5), a-\-b being 
the sum of the roots of the quadratics that enter into the 
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formation of equation (M). It is also easily seen that this 
law of formation will hold good as long as the coefficients 
of a? and x in (L) remain the same, and it-a absolute term 
a perfect square. 

254. To solve (J, 252), 

(1) a-\-b^^o, ab + 2 = 8, ab = 4. 

(2) ab = 4. 

(3) [(a + 6)=-4«b]* = a-6-3. 

(4) ,. « = 5rL3^i.ai,d6=i±l = 4. 
Subslituting tlie values of a and & in (p) and (3), we haye 



(^) 




tc^~4.x + l=(>. 


Solving (0, 




x'^-i ) + 4 = 3. 
x = 2± V,S. 


Solving (s), 




2 


.■. The roots 


of (J) 


aTe2±V3,aM^±''^^;l; 



two imaginary. 

[As indicated hy the radicals, it is seen that two of the 
roots will be +, and two — .] 

255. We now write the equation 
(P) x* + 53? + 5x' + 5x-i-l = 0. 

Here the terms are all + ; and the sum of tlie squares of 
the roots, and sum of square of products of roots taken 
three and three are the same. The coefficients of x' and 
X are the same. Therefore we wnte the equation, alge- 
braically, as follows : 
(P) x' + (a + b)x^ + {ab+2)^ + (a + b)x + 1^0. 
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The quadratics of (P') being 

(u) x' + bx + l = 0. 

(1) + 6 = 5. 

(2) ab = 3 = ab = 6~2 = ab-\-2. 

(3) [(a + ft)2 - 4 o6J' = a - 6 = 13 = (&)= - 4(3). 




(«') 3:2 + (2.5 H- V^:^):« + 1 = 0. 

Solving ((')■ 
^3^ ( ) + (1.S6-V^8125>*= -1-1- (1,25- Vr8m)2=.375 - 2.5v'.8125. 
3^ + 1.26- v':8126 = V.375 - 2.5v'.'bi25, 
.-, x = -\.m±-V.S15-2.5VM2$. 

256, Let us now take the equation 

SOLUTIOK. (1) o + 6 = 6, and -(a + 6)= —6; and —1 
tlie absolute term of the quadratics. .-. a6 — 2 = fS. Wtience, a 
To illusti-ate move plainly, we write the quadratics for (iV), as fol 

{p') x^ + ax-1^0, 

(S') x^ -I- bj; - 1 = 0. 

The product of (p') and (q') will be the biquadratic, 
(jW) s;' + (c(-H6)a' + (36-2)3i2-(a + 6)a;+l = 0. 

(2) .-. [(a + 0)i'-4«6] = a-6 = 2-[(fi)=-4(8)]i = 2. 

(3) .■. « = ^^ = 2, and6 = ?-±-^ = 4. 
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We now complete (p') and (5'), and we have, 
(:■') a;S + 2a; = l, 

(s') ^ + 4x = l. 

SoMns ()■'), 3:2 + ( )+l = -2, 

a: + 1 == v'2. 

3; = - 1 ± Vs. 

iS'oiwtiisi (O. a24( ) + 4 = 5, 

« + 2=V5, 

j;=-2 ±V5. 
.'. The rools of (if) are — 1± VH, and — 2 ± v1'), being all real and 

257. Let us now wiite the equation 
(S) x' + 5a? + 5x + l = 0. 

Writing the biquadratic 
(5") a* + (a + b)x^ + (ab + 2)x^+la + b)x + l = Q. 

The middle term in (S) is wanting; therefore, ab + 2 = 0. 
Whence, ab — '-2; or if a& is +, 2 is — . 

SoLnrioN. (1) a + b = a. 

(2) ab=-2. 

(3) [(a + fc)5 - 4 «(i]i = a - & = Ve = (r.)a - 4( - 2). 
(i) ... . = s-v^ ^^. 



We now complete 


the iiuadratics (() and (li) (253), 


("") 


"■+(i^)"+'=»^ 


SoMngif}, x 


+ *J* 4 16 




^ (i-V33 (42-V33)i 



-i±i[V;«±(42TV"33)i]. 
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258. The reader will readily admit by an examination of 
the preceding articles (252-256) that the method greatly 
excels in brevity and sunplicity that of the old method. 
(252, K). 

259. To find the roots of 

(3') x* + 53f^ + S.2oa? + 5x + l = 0. 

Solution. (I) o + 6 = 6 ; n6 + 2 = 8.26 ; oft = 8.25, 
(2) [(a + by^ - i u6]i = a - 6 = = (5)^ - 4(8.25). 

(8) a = ^JL0=:2.5; and& = 26 = l^- 
"• ' 2 ' 2 

.-. The quadratics that solve the equation are : 
a.'2 + 2.5 3: + l = 0, 
and x^ + 2.ox + l = f>. 

Their product will be equation (T). 

260. Now we will change the absolute term, making the 
equation read, 

Now, this equation cannot be solved by the old method 
of reducing the equation to an equation of half the degree. 
Dividing the equation by cr? it becomes 

a,^ + 5x + 8.25 + ^ + i^ = 0. 

Collecting terms we have 

x' + ^ + 5fx + ^] +8.25 = 0. 

Here f - ) differs very materially from — . Thus we see 
that we cannot apply the old method. The only method 
for the solution of (7"), contained in any prior work, is the 
Horner or Newton methods of approximation, which ia long 
and tedious ; -and, the introduction of a fractional coeffi- 
cient renders the solution of (T') still more difficult and 
tedious by either the Newton or Horner method. However, 
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it will be seen that the equation is easily solved by our 
method (186). 

We will now lay down the following immutable law for 
tlie solution of a certain class of biquadratics by quadt-atics. 

261. Letting ^ + mx? + no? + ox + 5 = aheays represent 
a general equation of the Fourth Degree, wlien n — — ^ — , a 

solution of tlie biquadratic by quadratics lies; because n , 

and — , are eacJi, respectively, equal to the sum of the absolute 
terms of the quadratics that enter into the formation of the 
biquadratic; and, therefore, n ■— — , or — r-, is eqital to tlie true 

sum of the quadratic factors of the absolute term of the 
biquadratic. 

It now becomes important to know the meaning of the 
term quadratic factors, for which we adduce the following 
definition. 

262. Quadratic Factors are the absolute terms of any two 
quadratics whose product forms a biquadratic, and are, 
therefore, true factors of the absolute term of the biquad- 
ratic. 

263. Referring again to the solution of (7", 260), we 
have (261) tlie following 



(1) 


8.85-i!=2 = .f, = ^. 


(2) 


w = w. 


P) 


.., [(, + ,y _ 4,s]l = 8,/31 = [,2)= _ 4(17)]*, 


(4) 


2 + 8\/-"T_. .,, — 7 




m 


, 2-8V3T J j^^^ 
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.-, The quadratics are 

(6) X-' + 2.5a + 1 -4V^I = 0. 

The product of (n) and (6) will 1« ( T', 260) ; and by the solution 
of either (a) or (6), we arrive at the roots o£ the equation 
K* + 5 k' + 8.25 E= + 5 a; + 17 = 0. 

264. It will be noticed by an essmii nation of the equation 
(2") a!* + 5 3!' + 8.25 ar" + 5 fl! + 17 = 0, 

that z + J/ = 2, no matter what the absolnte term becoines, 
so long that it does not become zero. Should the sign of the 
absolute term be minus, the solution ivill be the same ; but 
if the terms of the e(juation are all minus (except the first 
term), the solution will be different than that of the solution 
of (2", 260). 

265. To find the roots of 

.(A) «■' - 5 3? - 5 ^ - 5 'X - 6 = 0. 

By inspection we write for the roots of the equation 
0, -1, and ±0±V^n;. (133.) 

266. To find the roots of 

Here, (-6)2 - 2(- 5) = 36 = a2 + i^ + c^ + #. (Th. JI.) 
(„6)S-2(-5>c-5) = -35 = Buniof |i]of;)s. (Th. IV.) 

The last term ia negative. .'. Two real roots of opposite sign. 
(103.) Hence, the sum of the squares of the products of the roots 
taken three and three being a minzis quantity, tlie equation contains 
but two real roots and two imaginary roots. (lOi.) We may now 
write the roots, algebraically, as follows : 

a, b, and c ± v'^. 

If we examine (A, 265), we will find that it is the Natural of (B). 
The roots of (_A) may he written, algebraically, 
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Let us now tako the equation (A, 265), and apply 'ITis. II. and IV. 

(1) Sum of n of roots = Sfy. 

(2) Sum of □ of p, = - 25. 

(3) Sum of □ of pj = - S5. 
Applying Ths. II. and IV", to equation (H), we have 

(1) Sum of [D o£ roots = 35. 

(2) Sum of [s] of j)a = - 25. 

(3) Sum of [Ij of Pa = - 25. 

Tlie sum of the squares of the roots, and the Bum of the squares 
of the products of the roots taken tioo and (loo, have remained 
unchanged ; while the sum of the squares of the products of the roots 
taken three and thi-ee have been reduced. But the character of the 
roots of each equation are the same, being two real roots and two 
purely imaginaTy. Should the absolute term of (B) become — 1, the 
signs and coefBcients of the other terms of the equation remaining 
permanent, the equation would still contain two real and two 
imaginary roots. 

We now lay down this rule prior to the solution of (B) : 

267, Wlien tlie equation, of -\-m^ + n3? + ox + q — () con- 
tains real and imaginai-y roots in the form of a, b, and 
±V^, m = a + b, and +;=^(>/^)(— V^^ = — ; and in 
consequence of which the roots of the biquadratic are readily 
obtained. 

Referring again to (B, 266), let us represent the roots by — o, 
+ 6, and ±V^^l in its formation, being the algebraic expressions of 
the roots in the formation of the Natural {A, 265). If (B) con- 
tains roots in this form, then — abl = — 6 ; and a + !i = — 6, and 
— 06 + i — — 5. We now have the equations, by changing signs, 
(1) 0-6 = 5; (2) o6-! = 6; (3) at>l = 5. 

From the above equations we find the first two figures for the 
values of a and 6. o = 6.0, 6 = .92, and I - ,90. 

From this, by the Condensed Method, the roots are found to be 
5.99(11+ and — .9218+. And having fomid the real roots, the imagi- 
nary roots are readily found to be — .037 16 ± V— .90323. 
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268. We will now introduce the method for e 
equation of the Fourth Degree to an equation of the Sixth 
Degree, in which the sum of the products of the roots of the 
biquadratic shall be the sum of the roots of the Sixth Degi-ee 
equation. 

To change the general equation 
(O) a!* + map + ni.^ + ox + q = 0, 

we write the equation 

(D) y''+ni^+{mo-q)y*+l(m''-2n)q+2nq+(o'-2nq)-]f 

-i-[q(om-iq)+Sq^}f-\'nq'yx+^=0. 
To UhuttrcUe. Take the equation 

(E) K* - T a,-' + 20 ii^ - 32 ic + 24 =: 0. 
Applying the formula, we have 

(F) /-20^+200^-1240y+4800/-11520y+13824-0. 

The aiicth will contain the same diaracter of roots as the 
fourth; that is, if the roots of the fourth are 7-eal and imagi- 
nary, the sixth will contain real and imaginai-y roots ; hut if 
tlie fourtli contains all imaginary roots, t!ie sixth will contain 
two reed roots, which mil be the separate products of the 
imaginary roots of the biquadratic. The real roots of the sixth 
will then be f/te Quadratic Factors of the absolute term of the 
biquadratic. 

To solve (E). 

(1) (-7)2-2(20) = 9 = a2 + &2 + c'' + |-p. (Th. II,) 

(2) Sx4 = 3G = Qof sum of roots + sum [T| of diffs. - (Th. II.) 

(3) As S6<(— 7)'^, the equation contauis imaginary roots. (130.) 

(4) (-32)2-2C20x24)=64 = sumof [Dofi)3. (Th. IV.) 

In both (1) and (4) tlie sum of [|] is a perfect □- .: V9 = S = one 
of the roots, and Ve4 - 8 = 2(a^ + I) = twice the product of the 
imaginary i-oots. .-. | = 4 = «2 + ; ; and 3 x 4 = 12, and 24 -:- 12 = 2, 
the otlier real root. 



y Google 



BIQtTADEATICS AND SOLUTIONS. 133 

Tlie sum of the squares of tlie roots may be written 

a» + 6= + 2a= + -2i = 9. {() 

((1= + 6=) = (2)2 + (3)2 = a^ + 62 = 13. (a) 

.■- 2([3_j__2;=_4, [Taking (s) from (().] («) 

«2 + -; = -2. [Dividing (u) by (2).] (u) 

But a^ + l-i. (m) 

.-. 2 tf = 2. Wlience u" = 1 , and 

.-. Tlie roots of (E) aie 2, 3, and 1 ±i/^. 

269. The question that will naturally arise in the mind 
of the reader is this ; Does it simplify tlie solution of an 
eq^icUion of the Fourth Degi-ee to change it to an equation of 
the Sixth Degree? 

Our answer ia this : 

There are a certain, class of biquadratics in wJiich a solution 
is obtained more easily and readily by changing t!ie equation, 
and especially is this true when the roots of the biquadratic are 
all approximate imaginaries. By applying formula (D, 268), 
the roots can be readily aifived at by the Homer method. 

To illustrnte. Take the equation 
{A) 3;'-6a^ + 183^-26a;+20=0. 

The roots of this equation are all approximate imaginaiies. 
The roots of its Natural are 1 ± V— 3, and 2 ± V— 'i ; and 
these roots will satisfy all the conditions of {A) but that of 
its absolute term. Applying formula {D, 268), we obtain 
(B) i^^l8)/'+d.36i^-676/+2720j2-7200y+8000=0. 

As (A) contains aJl imaginary roots, (B) will contain two 
real roots representing the quadratic factors of the absolute 
term of (.-^1). The prcjduct of the imaginary roots of (A) 
may be represented, algebraically, hy a' + 1 and b^ + m, and 
the sum of tho squares of the roots by 

2 B= + 3 6= + - 2 ; + - 2 m = = (- fi)= - 2 (18). 
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It is evident that to solve (A) we ha^e but to find either a^ + 1, 
or 6' + m. a' + 2 = 3=(1 + -\/- 2)(1 -V^^) in the Natural, the 
absolute term of which is 21, being the pi-oduot of 1±V^^ and 
2 ± V^Tg. The absolute term of (A) hus been reduced, so we begin 
to find 8^ + I, which we know to be < 3 and > 2. 

We find from (B), by tlie Homer method, a^ + l = 2.995I2+. 

Whence 6^ + m = 6.67661 = —25 — . We now have the equations : 
2.89612 

(1) 2n= + 262 + -3; + -2m:=0 = (-6)2- 3(18), (Tii. II.) = 
the sum of tlie squares of the roots of (A). 

(2) a^+b^ + -l + -m = 0. [Dividing (l)liy 2.] 

(3) aJ' + l = 2.99512. 

(4) b^ + m = 6.67661. 

(5) a^ + 62 + i + jji = 9.67173. [Adding (3) and (4).] 
(G) 2 a^ + 2 &2 = 9.67173. [Adding (5) and (2).] 

(7) .-. 9.67173=(a + i)2 + (rt-6). (Th. I.) 

(8) 2 a + 2 & = 6. [From equation (-4),] 



10) (n - by = .67173. 


[Taking (a 


11) .-. n- 6 = .8105 = 


V,67173. 


(12)..,. ■'-■^'0^ 


1.00O2&, and 



'13) 6 = §-+^5125 = 1.90975. 
■ -^ 2 

14)1 = 1.80648. [Taking a^ from (3).] 

;i5) in ^ 3.02947. [Taking b^ from (4).] 

The roots of (^1) are 

1.09025 ± V- 1.80t!5S, and 

1.00975 ±V- 3.02947. 

Rejiark. — Find the roots of (A) by the old method, and tlien 
compare it with the foregoing solution. We have no doubt but what 
you will prefer the method ivliicli we have just offered. 
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270. To find tlie roots of 
;/.) K* - 14 3^ + 79 a:^ - 210 9^ + 250 = ( 



(1) 


32 + ja + c2 + ja = 38 = 


C- H)" 




(79), 


(Th, JI.) 


(2) 


88 X 4 = 152 = of sum 


. of root* 


i + l 


sum of 


■ d] of diffs, of 


(3) 


Aa 152<(-U)^ the equation coi 


ataii 


usima 


gmaryrools. ( 


(■*) 


79 ili)! 2x^310 


30 = 2 + j(. 


(261.) 


(5) 


'^y = 260. 










(6) 


[(30)2 -4(250)]^ =V- 


"loo. 








0) 


.-. z = 15 + V-25, and 










(8) 


y = 15~-\r^. 










We 


now form tbe quadratics, 










(3>) 


x^-Tx+i 


L5+V^ 


-25 


= 0, 





(q) a:2-7i + 15-V-25 = 0. 

Tlieir product equals (i) ; (jj) solved gives 

3.5±V-2,75-V^25; 

and (9) solved gives 3.5 ±V- 2,75-1- V^^. 

We now meet witli au entirely different class of biquadratics in 
(i) than that of any of the prior equations which we have given and 
solved. We notice that the quadratic factors ot (i) are a pair of 
conjugate imaginaries ; and we can readily see that if we cliange (£) 
to an equation of the Sixtii Degree that it will contain al! imaginary 
roots, and we cannot, tlierefore, approximate the roots by the Homer 
method. If we try to find the roots of such an equation by the Hor- 
ner method, or by any of the old methods, we will come to the con- 
clusion that any of such, methods are very unsatisfactory. The easiest 
and most ready method for the solution of such equations wili be 
found to be tliat explained in Arts, 186 and 261, 

271. To fiud the roots of 

(1) a■^ + 62 + c-3^. ri2 = 4=(2)!-2(±0), (Th. II.) 

(2) ^V^Vn«i'-l-6ti!'^=16 = (-4)^-2(iOx-2), (Th, IV.) 
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h oases the theorems give perfect squares. 
(3) ^V^'+^ + 6^'+6^+^'=13 = (±0y-3[(2x-4)-(-2)]. 
We may now safely conclude tliat the roots are all real. The 
middle term being wanting, -we let s + y = 2, and sy = — 2, which, 
solved, gives z = 1 + VS, and ^ = 1 — VS. We now form the quad- 
ratics, 

ce^ + 2.73205 x + 2.73026 = 0, 
^~ .73-2053;- .73035 = 0. 
Their product will tie the equation {M). Or we may write for the 
quadratics, 

a;2 + (I+V3)5: + l +Vi! = 0, 
a;a+(l-V3)3: + l~V3 = 0. 
Prom (j)') and (q') the roots of (M) may he accurately expressed 
in the form of irrational fractions and imagiami/ quantities, we hav- 
ing now discovered, by inspection of the quMratics (p) and ip'), that 
the equation does not contain all real roots, as first suggested; hut 
that (jtf ) contains two real roots of opposite signs and a pair o£ im- 
aginary roots. 

We now see that the Quadratic Factors of a biquadratic may be 
tohole numbers, irroZtonal fractions in pairs, or a pair of conjtigate 
imaginaries. In (j)') the alsolute term, (1 + VS), ia made up of the 
product of a pair of conjugate im^inaries. Should we change (JlT) 
to an equation of the Sixth Degree, we can obtain the product of the 
im^naiies expressed in the form of an incomiitensurable root. 

272. To find the roots of 
(N) ic* - 8 a,-' + 14 a;= + 4 a; - 8 = 0. 

Solution. 

(1) Sum Of [H of roots = 36 =(- 8)= - 2 (14). 

(2) 36 X 4 = 144 = n ot sum of roots + sum of [sj of difts. of roots. 

(3) Sum of 13 pj = 240 = (4)* - 2(14 x - 8). 

The terms of the equation not being alternately + and — , and the 
last term - , the equation contains at least two real roots of opposite 
signs. As the equation contains both + wid — roots, 8 is not the 
tme numerical siliu of roots. ,'. Tiie true sum is > 8. 



y Google 



BIQUADRATICS AND SOLUTIOJ-'S. 

We now find by sjntlietie division two of the roots i 
decimals, and from tills we find the other two roots to t 
tlie sam of the squares of the differences of the roots th 
find to he 54.4 + . We now take the square root of 
within this limit. 

]44|i).46Il=:sumofroo; 



... "-»MJ 4 -" -.73205 = sum of + roots in formation of equa- 
tion ; true sign -; and 0.4S41 -(- 8) ^ g .^3^- ^ ^^^ ^^ _^^^^^ .^^ 

formation of equation ; true sign +. 

— .73205 is found to be tlie negative root. 2.73205 is also a root. 
The other two roots are then found from their sum and product. 

Again : It is now seen tliat equation (N) is more easily solved, and 
that we can separate it into two quadratics. The factors of the abso- 
lute term (and the only ones) are 1 and 8 and 2 and 4. But the pre- 
vious solution shows us that 2 and 4 are the proper factors. We now 
write the qoadratics 

(p) ^2 - aa - 2 = 0, and 

(g) x'^-l>x + i = 0. 

Their product will he 
(iV) C(» - (a + 6)*^ + ((lb + 4 - 2)^2 + (2 & - 4 «)« - 8 = 0. 

If this be the true equation, the coefBeients of (JV) will be equal to 
the coefficients of (N'). We now have the equations 

(1) a + i = 8, (2) ai = I4-(4-2)=12. 

Erom (1) and (2) we find a = 2 arid & = 6, which substituted in 
(ji) and (3) gives 

(p'y x^ — 2x — 2 = 0, and 
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functio:ns 01' squares. 



The solution of (p') gives 1 ± V3, and the soUition of (g') 3 ± Vs. 
They are tlie true roots of the biquadratic (JV), and can be oaailj 
approximated, if required, to any degree of accura,cy. It will be 
noticed that if ^\e apply formula (261) titat it will fail to render the 
roots. A miiversal general soltttion for biqtiudratlea mill be given 

273. To find the roots 
( M') X* + a? - 195.5 a;= - 234 a; + 139.5 = 0. 

SoLDTioN. (1) (fl+l>^ + <^ + <P = 392 = n of sum of roots -1- sum 
of \s\ of diffs. of roots. 

(2) 392 -i- 2 = 106. .-. Tlie roots of the equation are the sides of 
two rt. triangles constructed in a circle whose diameter is tlie square 
root of 198. (136.) 

We may now represent tlic roots of the equation, as follows - 

a-y/i 



If the sides are integral, I and m will be found to he f-ero. From 
algebraic sum we write 

(1) 2 (i - 2 & = 1 i whence, a - 6 = .5. 

(2) n^ + &= + ! + m = 196, one-half sum \s\. 

(3) 2 a^ + 2 i = 196. [Sum [s] ia boUi cases being equal.] 

(4) .-. 2 &2 + 2 m = 196. 

(5) 392 X 4 = 1568 =□ of sum + sum [s] diffs. 

(0) .-. 15e8-2(195.5) = m7 = nofsiimofroots.,imW!/; at least, 
sufficiently near to determine numerical sum of roots. The side of 
the greatest integral square in 1177 is 34, which is rejected. (26.) 
33 is then taken, and wc have 



nof 4 



sign ^; 



; 33 ; whence, <i + b = 
' = 8 ; and b = — -.^jL. 
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.-. a2^; = 98 = 2 = 98 -(8)2^=^34. .'. 8 ± v'JM for two of_^e roots; 
and 6^ + m = 98 = TO = 98 - (8.5)= = 25.75. .■. - 8.5 ± V26.75 are the 
other two root* ; and, as they will satisfy all the oonciitlons of tlie 
problem, they are, therefore, the true roots of the et|uation (J/'). . 

273 a. To find the roots of 
{A) x^-27a? + 261.91 a? - 1075.4i;if 1563 = 0. 

[Submitted for solution by Professor J. B. Young, of Saffovd, 
Arizona.] 

SoLDTJON'. Applying formula under (186), we discover that this 
difficult equation is easily solved. 

(1) 261.91 - ^ = L y - -^''^i"'-^^ - TO.GO = £ + ;/■ 

(2) ay = 1503. 

(3) a = 89.83 +V2;U289, and 

(4) y = 39.83 - V23A-2m. [Solving (1) ami (2).] 
The quadratics then will be 

(p) x^ - 13.5 K + 89.83 + V23.4389 = 0, and 

(g) x^ - 13.5 X + 39.83 - V33.4289 = 0. 

Solving the quadratics (p) and (3), we obtain for the roots 
6.75 ± [(0.0625) + v'23.428U]J-, and 
6.75 ±[(6.0625)-V23i280]i. 
Remark. — It will take fully four hours' time to find the roots to 
fonr places of decimals each by the Homer method. 

274. To find the roots of 
(A) i^-\-S0x^ + 32oa^ + iS0x + 2i7S = 0. 

SOLDTIOS. 

(1) «■' + 62 + c= + (P = 250 = sum Of [H of roots. (Th. II,) The 
terms of the eqiuition are all +. .■. No real + roots. (111.) By 
inspection we see that Theorem IV. will give largely a plus quantity 
for sum of \J\ of roots taken three and three, and two and ttoo. We 
now represent the roots by 

0+^, 
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If the roots are integral, I and m will lie zero. 

(2) .-. 2 q2 + 2 &2 -H 2 i + 2 m = 250. 

(3) a'^+b' + l + m^ 125. 

(4) 250>;4 = 1000 = nof 8unt + sum[B]of(Iiffs.ofroot3. (Th.IL) 

(5) .-. 1000 -(30)-^ = 4a2 + 462 -8a6 + 8( + 8ni= 100, 

(6) a^ + 62 _ 2 oO 4- 2 i + 2 TO = 25. [Dividing (6) by 4.] 
Nowfactor absolute term into its prims factors. 2i78 = 2x 3x7x59. 

Put 

(7) (« + Vi)((i-i/Z) = ffl«-i = 2 x3x7, orSO. 
(S) (6+Vm)(6-Vm) = 62-m = 59,or3x3 x7. 
(9) a! + 6i^j_m = 101. 

(10) .-, 2a2+26' = 226. (Adding (3) and (9).) 

(11) ■v^30 = 15=(a + 6) + (c(-6)2. (Th. II.) 

(12) .-. a-6 = l. 

(14) («+V7)Ca-Vr)=n2-i. 

(15) (6 + Vra)(6-Vm)=63-m. 

(16) (_a^-l)(p^-m)=a^ + lm-a'^m-bn = 241S. 
Substituting in (15) and (Ifi) the -values of ab' and a% b% and 

collecting terms ive have 

(17) 685 + hn - 64 ra - 49 1 = 0. 

Substituting in (6) tlie values of a'^, bK and 2 ab, wc iiayo 

(18) I + m = 12, whence m = 12 - i. 

Substituting in (17) the value of (m), and transposiiig and collect- 
ing terms, we have 

(19) P - 27 i = - no, from wbich we find 

(20) i = 5. .-. m = 7=(12-5). 

(21) .'. The roots of the equation are - 8 ± Vs, and - 7 ± Vl. 

275. To find the roots of 
(B) X' + Ua.^ + 95^ + 368x + 768 = 0. 

South ON 9. 

(1) oM-62^c» + ^=4 = (14)=-2(S6). (Th. 11.) 

(2) i6i'^-l-^^ + 5c5^ + 6?if = - 12032 =(308)2 -2(14 x 768). 
.'. The equation contains imaginary roots. (101.) 
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Factoring absolute terms, we liavo 

7(18 = 2x2x2x2x2x2x2x3x3. 

Trial of the combinations of these factors show that 24 and. 32 are 
the true quadratin faeton of the absolute term, (a) «^+62+;+m=56. 
The sum of squares may be represented by 2 a^ + 2 6^ _ 2 I — 2 m, 
which, divided by 2, gives (4) o" + 6* — i — w = 2, whicli, added to 
(3), gives 2 a^ + 6^ = 58. Whence n + 6 = 7, and o — 6 = 3. 

And subtracting (3) and (4), Z + m ^ ^^T"^ = ^*- '^^ ""^ readily 
write for the roots - 5 ± V^7 and — 2 ± 2V— 5. (See the tmiversal 
general solution for biquadratic^.') 

276. To find the roots of 

Solution. 

(1) (!2 + fcJ + 0^ + ,J2 = 70 =(8)2 - 2(- 3). (Th. 11.) 

(2) 70 X 4 =^ 380 = n o£ sum of roots + sum of [|] of difEs. of roots. 
(Th. II.) The side of the greatest integral n in 370 is 16. Therefore, 



and ±^^^^ = 4 = sum of - roots ; true sign 4 . 

The last term is negative, .-. two real roots of opposite sign. We 
try 4, and find that 16 is not the true numerical sum of roots. 17 is 
reacted. (2G.) [The numerical sum being > 10, because the root 4 is 
found to be too small.'] 18 is then taken, and we have 

li+i = 13 = sum of + roots ; true sign - ; 

and — ^^- = 5 = sum of — roots ; true sign + , 

5 is tried, and it satisfies the condition of the problem, and 18 is there- 
fore the true numerical sum of roots. We have now discovered that 
the equation contains a pair of imaginary roots, because 270 <(18)*. 
(130.) 13 - 5 = fi and S -5 = 4. .-. - 4 is a roo t. The other two 
roots are now readily found to be — 4.5 ± V— 5.75. 
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277. To find the uoots of 

Solution-. The equation ia ol even degree, and ttie sigJi of its last 
tenu +, The second!, third, and fourth terms are wanting, therefore, 
the sum of squares of roots, and sum of squares of roots taken three 
and three, will, in either case, be a aero quantity ; and Th. IV gives 
for sum of squares of products of roots taken two and (wo, +29. 
/, The equation contains all imaginary roots, the real part of one 
pair being +, and t!ie otlier, — . The roots may be represented alge- 
braically, by 

By an algebraic process we arrive at the followiiig furmula for the 
roots of such an equation ; 



278. To find tlie roots of 

K* + 8 = 0. 
SoLUTJos. Applying formula (1S6), the quadratics ai 
ip-) s:^ + ^ ± (I + V^S = 0. 

(g) 9^ + 0K±fl -V^S^O. 

Solving either (j)) or {q) the roots of the biquadratic i 



279. To find the roots of 

x'-2(ix' + 140 a? - 400 ar + 19 = 

SOLUTIOX. 

(-20)^ _ 2x-4no _ , , 



(1) 140- 
, (2) 2?/ = 10. 
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From (1) and (2) we find z and y to 1]e, respectively, 20 + y/'.'&X 
and 20 — V';i81. Wo now complete the quadratics (3) 
(p) k2 - IOk + 20 + V38T ^ 0. 

(g) j;^-103; + 20-V3gl = 0. 

Solving either (jj) or (5) the roots of the biquadratic are found 
to be 

&±(5±v'38l)i. 

280. To find the voots o£ 

SOLCTION. 

From (1) and (2) we find z and y to be, respectively, 1 +^12 and 
1 — Vi2, which substituted in (3) we have 

(j:) a:2 + 3! + l +VZ2 = 0, 

(g) K^ + * + 1 - V'i2 = 0. 

Solving either (p) or ((() wo obtain for the roots of the biquadratic, 
-i±(-.75TVi2)i 

Talking + sign in radical we have two real roots, and taking — 
sign, two imaginary i-ools. 

281. To find the roots of 

^^ + 20 a,-= + 100 '.'? + 17 = 0. 

SOLUTIOS. 



(136) -! (3) s^ = 17. 
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From (1) and (2) we find zov y = ±0± V"^^, which we substi- 
tute in (3) and obtain 
(p) lfi-\-lOx±0 + V^~Vi = 0. 

Solving either (jj) or (3) we obtain for the roots of the biquadratic, 






^5±^^ 



-^17". 



To find the roots of 

a,-* - 2 a^ + 71 a^ - 70 a; + 23 = 0. 



SOLUl 



(1) 71 



(-a)" _2x 



s + !/ = 70. 



(186} (3) ^!/ = ^'S- 

Prom (1) and (2) we find a and y to be, respectively, 35 + v'1202 



y-i, which subaUtuted in (3) gives 

a^ - it + 35 + Vim = 0, and 



iP) 

(ri) x^-x + 36- \/l202 = 0; 

Solving (p) or (9) the roots of the biquadratic are found to be 

|±V-34,76± V'i"202. 
283. To fiiid the roots of 

x' + ^a? + ^^ + ^%x + 2 = 0. 

(2) ly = 2. 



(3) 



Us-l-f + s=0. 
From (1) and (2) we find z and y to be, reBpectively, 



i9 



\ andH 



4» 
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We now complete tlie quadratics (3), 

Solving (ji) or (5) we obtain for the roots of tlie biquadratic, 

Remark, — The reader lelll noto be able to see the importance of 
theformula (186). 

284. Solve the following Biquadratics by the forimila 
(186): 

(1) x'-2ai' + 5^~4:X + ^=0. 

(2) !i^-2!e'-13x= + 14a; + 17 = 0. 

(3) a^ + 23? + 15x^ + Ux + 27 = 0. 

(4) a!'-2a?-10a^ + nx + 24: = 0. 

(5) a^-2ai»-2i6' + 3a!-119 = 0. 

(6) ai' + 2a? + x' + ll = 0. 

(7) 3!'-2x' + (i?-21 = 0. 

(8) a!' + 13af'+75x^+219^x+2in = 0. 

(9) x* + 13a? + 13c^-12^x + 21X1 = 0. 

(10) 3^-2a^ + 7ie^-5ie + 23=0. 

(11) x* + 2a!' + 17a^ + 163: + 119 = 0. 

(12) a^ + 14a^ + a*'-336fl; + 16 = 0. 

(13) ^ + 114 «= + 11 a^ - 178695 x + 1601 = 0. 

(14) a." - 756 a^ + 428652 x= - 108020304 x + 22170267 = 0. 

(15) a!* + 756 9? + 142884 x^ + 5000 = 0. 

(16) 3^ - 17 a? + 101 ie"- 247 a + 200 = 0. 

(17) a!*-ic'-43a!=-21.6253T + 117 = 0. 

(18) iC*-llK» + 41aT'-59.125fl; + 31 = 0. 

(19) «* - 1728 a^ + 746500 i^ - 3456 a; - 741317 = 0. 

(20) x* + 3^ + ^3^-2^lx + 5=.0. 

To solve any of the foregoing equations by the " iStwi-m 
Theorem" and the " Homer Method," the task is difficult- 
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THE QUISTIC AXD SOLUTIONS. 
285. To find the loots of 
(A) itr^ - y = 0. 



(1) Slim of squares o( roots = 0, (Th. II.) 

(2) Sum of squares of products of roots pi = 0. (Tli. V.) 

(3) .■. Ouly one real root with sign contrary to sign of absolute 



(4) Tlie real root is (g) 

(6) The otlier roots are equal to conjugati 



(6) (»H'-ffl4- 



il^ = 



1'lie formula for the solutiou oi (^IS) is 

To illustrate numerically, wo take the equation 
(O) x^~S = 0. 

(1) Thcroalrootis(3)*, ancl(K5-3)-^a-(3)* = 
(D) x^ + (3)*x» + (l))*a;S + (27)^3; + (81)^ = 0. 

The quadratics for the solution of (D) will then be 

Note. — See Universal Solution. 
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286. To find the roots of 

(E) a^ + 4 L«^ - 61 a:^ - 7(5 »■? + lOfiS » - 1440 - 0. 
Solution. 

(1) a^ + &2 + c^ + d^ + e'i =: las = ( + 4)^ - 2(- (il). (Th. 11.) 

(2) 138 X 5 - C!)0 - n uf S'*™ o£ ^ols + sum of of difts. of 
roots. (Th. II.) 

(8) 690 - 61 = 629 = Q of sum nearly; sufficiently near to dtter- 
mine its Natural. 

(4) The side of the greatest □ in 629 whose side is integral is 25, 
which ia rejected (26); iii is tlien taken for numerical sum of roots, 
and we have 

(5) £..- i"— = 14 = sum of ji/Ks roots In formation of equation ; 
true sign -. 

(6) = 10 = sum of minus roots in formation of equation ; 
true siRu + 

(7) Fiom ilsebniL sura %nA sign« of terms we see that the equa- 
tion contains thice + loots and tno — roots. We now write the 
Gvbie Tud qiiaSiatic 

(_p) ^^-W^ +ax-y^O. 

(g) £ +Ux + z = 0. 

The product of (p) and (5) is 

(F) x'' + ix' + (a + ^+ - 140) x^ + [14 a - (e + y)]x' 

If (F) be tlie true equation, the coefficients of (E) and (F) arc 

(8) a + ? = 70. [From third terms.] 

(9) .■. a = 7S - 3. [Transposing (j) in (8).] 

(10) a = IQ'^ + y-^^ . [From fourth terms.] 

(11) -■. 7S-z = i^^^-i|^^. [From (!)) and (10).] 

(12) Whence 24e + !^ = 1182. [Multiplying (11) by 14, and 
collecling terms.] 
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(13) zji = 1440. [From absolute terais, changing signs.] 

(14) .-. e = 48 and !) = 30. [Solving (12) and (13).] 
Substituting the yaluea of s and y in the cubic (p) and quadratic 

(g), we have 

(p') *s- 10a^2^-31a^-48 = 0. 

(3') !)^ + 14 s + 30 = 0, 

Solving (j)') and (g'), we obtain 2, 3, 5, and — 6, — 8. 
2 satisfies equation (e); tliey are, tlierefore, the true roots of tlio 
eijuation. 

287. To find the roots of 

((?) a!= + 25 a^ + 250 x' + 1250 ^^ + 3125 x + 3125 = 0. 

Solution. 

(1) (25)' - 2(250) = 125 = a^ + h^ + c'^ + d^ + e^. (Tb. II.) 

(2) 125 X 4 = 2(250). .-. The roots are equal at least in the 
Natural. (138.) -■. 25 -;- 5 = 5, and tlie roots are - 5, - 5, - 5, 
— 5, — 5. As they will satJsfy the equation, they are tlierefore the 
true roots. Should the equation read 

(H) x^ + 2bo'* + 250 x' + 1250 yfl + 3125 !C + 243 = 0, 

the real root of (Jf), and the only one, will bo 



-[5-V(3126-243)]. 
of the equation will t 
lute term be 3157, thei 

- [5 -I- \^(3"l"67 - 3125)] = -7. 
288. To find the roots of 
(7) a!* + 7 a!* + 20 3.-5 - 30 3!^ - 216 a; - 432 = 

Solution. 

(1) (t^ + 6= + c= + ^ + e^ ^ 9 = (7)3 ^ 2 (20). (Th. II,) 

(2) a6cd^+.--+bcd?=20738=(-216)«-2(-30x -432). (Th. V.) 

(3) Both these results are perfect squares, and we therefore try 
the square root of O (or 3) for the real root. As S satisfies the con- 
ditions of the equation, it is a root. The square of 3 taken from the 
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sum of the squares of the roots leaves fct the 'jum of the squires 
of the remaining roots. .-. The equation contains imaginary roots 
How many ? Dividing the equation by 3, — 3 (by aynthetic division), 
vie find that the sum of the squalen of tlie roothps of tlie biquadiatfp 
is 0. .-. The equation contaim fuiir imaginary roots (132), and only 
one real + root. 

The roots of the biquadratic may be represented algebraically by 
a zb aV— 1, and 6 ± ftV— 1. Their product will be 

{a±aV^^){b±b^^l)-iaff = ^--\ii. 

Whence, 2 116 = 12, anda6 = 6. Their sum = +7 -(-3)= 10, 
!From a + 6 = 10 and 06 = the roots are obtained as in tlie solu- 
tion of biquadratics. 

289. To find the roota of 

(/) of + a^-2Q'j?- 12 K= + 1S4 a; + 11 = 0. 

[Submitted for solution by "W". M. H. "Woodward, United States 
Interior Department, Santa Fe, N.M.] 

SoLnilON IN FDLL. 

(1) o2 + 62 + <;= + ^2 + e^ = 58 =(1)S - 3(- 26). (Tli. 11.) 
To locate roota, and, if possible, to find Us Natural. 

(2) 63 X 5 = 265 = D "^ sam at roots + sum H] of diffs. of roots. 
The side of the greatest integral square in 265 is 16, which is rejected 
(26). 16 is then taken, and we have, 

(3) lUd = 8 = sumof + roots; truesign-. 

(4) --^ = 7 = sum of - roots ; true sign + . 

(5) 265 -(15)2= « = Bum of [|] of diffs, o£ roots. 

(6) 40 X 10 = 400 = n of sum of diffs, + sum of [s] of tlie difts. 
of diffs. 400 is a perfect square. 

.-. (7) (400)i-20 = sumof difls,=(4J:+2,i)-(4o-l-2d). (125) 
We now readily find 1, 2, 3, 4, and 5 for the roots. From algebraic 
sum and sign of absolute term tlie equation contains tliree minus roots 
and two plus roots. With —1,-2, — 5, 3, and 4 we build the 
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{_K) ic' + x^ ~ 27 a!^ - 13 x' + 134 ii; + 120 = 0. 

(8) .■- The roots of (J) wmbe<-l, >-2, <+3, >+4, <-6. 

With tlie roots of the Natural we find the products of the roots 
taken four and four, aiid locate the roots as in [(1), (134)]. We 
find the sum of the squares of the differences of the roots to two places 
of decimals to be 44.44+. We now talte the square root of the si 
of squares of raota multiplied by the degn 
tills limit. 53 X 5 = 265. 

Limit 44.41+ 2G5. 1 14. So 12 = 

100, 
28.8 69.00 

2905 45.9600 



e of the equation witliin 
n of roots. 



- 14.8ol2-H 

3 

14.8512-1 



44.44186856 
= 7.0256 = sum of + roots 



We can now separate the equation into a ctibic and qiiadraUc. 
which solved gives for tlie roots of the equation 

- .08770+, - 3.05745+, - 4.88056+, and 3.4628, 3,4628. 

290. To find the roots of 
{L) !^-ai'-Q%3?-m3?+ 1160 X + 2410 = 0, 

[Submitted for solution hy Professor J. B. Young, Safford, Arizona.] 
First Solution. 

(1) ifi -V 62 + c2 + (P + c2 = 137 =(- 1)2 ~ 2(- 68). (Th. II.) 

(2) 137 >; 6 = 685 = Q of sum of roots + sum [1] of diffs, 

(3) The side of the greatest integral squaro in 685 is 26, which is 
rejected. (26.) 25 is then taken, and we have 
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^^ + ~ -^ - 12 — Slim + roots ; true sign -. 
25 - 1 - 1) ,o _ ^ tmesien +. 



The digits tliat will satisfy these numbers are readily found t 
be 3, i, 5, 6, and 7 ; and fi'oui sign of absolute term and algebrai 
sum it is seen that three of the roots are minus, and Iv/opliis. 

The product of 3, 4, 5, C, and 7 is 2520, > 2419. .■. Tlie roots i. 
(i) will b« 

<-S, >-4, <-5, and >6, and < 7. (113.) 

We now write the cubic and quadratic, 
(J,) K' + UTf + ax + y^ 0. 

(q) x^-lBx + s^Q. 

Tlieir product will be 
(M) x''^x^ + i^- + a + '- 150)^3 + (12 2 + i, + _ ]3 a)x"- 

-+(,az + ~lSy)x + gy = (i. 

TJie coefficients of (M) are equal to the coefficients of (L). 

(1) .-. 3 + « 4- - 166 = - 08. Whence ^ + a = 88, and k = 88 - . 

(2) VZ!i + y-nn = -m. Whence n=^i^-i-i|S-±-^- 

(3) ,.. <il) + la^ + y ,^8g_^^253 + !/ = 1084. 



(5) z = ^2i2. (From absolute terms.) 

ffil . 1084 -i' ^ 2419 

^ -^ *■ 25 y 

(7) !/2- 10849 =-60475. [Reducing (6).] 

(8) 9 = 59. [SolYing (7).] 

(9) ^ = 41 = ^i^. 
complete the cubic and quadratic by introducing the values 



of a, e, and y, and we have 

(q') e2-1.S3: + 41=0. 
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Solving (q'), we obtiiiii for two o£ the roots 
6,5±.5V5. 

Letting* = ^ ~ 1, and applying formula, (F, 214), to (j)'), we have 
(JV) >f-y-l=0. 

yis>l. /. a ^ \/2 + increment y - 1,8347170505. 

.-. a; = 1.3247179505 + - 4 = - 2.6752830495. 

The other two roots of (ji') are now easily found to be 
- 4.66236897525 ± V- .0601 5823338455+. 

,'. Equation (i) contains two real + roots, and one real — root, 
and a pair of real imaglnai'lee. 

Second Solution foe (L). 

(1) When we discover Uiat the gum of roots is 25, and that the 
roots of the N'atnral are 

_g, -4, -5, 6, and 7, 
we see that the only change has been in that of the absolute term. 
If we should approsmate tiie sum of the roots, we cannot find a closer 
approximation than 21.99999 to five places of decimals. We may, 
therefore, at once write 

(1) 24.9999!) = sum of roots. 



nof + r 



a4.e9999-(-l) _ 



(3) ^^-"■'"-■'"-V-V = 12.99999 = sum of - roots ■ true sign +, 

We may now form the cubic and quadratic, 

(p') x' + 11.99999X + ax-i-y = 0. 

(q') afi - 12.99999a; + 3 = 0. 

We can readily see the labor that is required tc solve (y') and (5') , 
and that the first solution is the most ready nietliod. 

Reuark, ^- The solution of y^ — y — 1 = (iis, practically, the sohi- 
tion of the euhie x^ — 6a^ + 11 » — 7 = 0; and by no other method can 
any of the roots of the equation (i) 6e aecKrately expressed except by 
the Trtethod which we offer in the first solution; and the character (real 
or imaginary) and the signs of the roots are developed 6j( the solution. 
The " Horner Method," the " Siufm Theorem," and " Descartes' 
Siile of Signs" are wholly disregarded. 
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DISCUSSION OF THE WANTZEL THEOREM ON THE ALGE- 
BRAICAL SOLUTION OF EQUATIONS OF A DEGREE 
HIGHER THAN THE FOURTH. 

(By W. M. H. Woodward, United Status IsTEiiion Depjirtmest, 
Santa Fe, N. M.) 

291- I will give at length Wantzel's demonstration of 
the impossibility of the algebraical solution of such eqn^ 
tions, as it appears in Serret'a " Com-s d'Algebre Superieure," 
with such comments as seem propet from time to time. 

"Let /(a!) = 

be an equation of the rath, degree, of which the coefficients 
are not determined, and designate by 

its m roots, which we will suppose may be expressed alge- 
braically in functions of the coefficients. 

If the equation, f(x) = 0, is satisfied by the value x, of x, 
whatever may be its coefficients, we must reproduce identi- 
cally Xi in substituting in the expression the rational function 
corresponding to each root, since the roots of the equation 
are then entirely arbitrary. Likewise, every relation be- 
tween the roots must be identical, and not cease to exist 
if we replace these roots by each other in any manner 
whatever. 

Designate by y the first radical which enters in the value 
of a-j, in following the order of calculation, and let 

p will depend immediately upon the coefficients of f(x) = 0, 
and will be expressed by a symmetrical function of the 
roots, ^{k,, ajj, 3,-3, ■■■); y will be a rational function, ^ {«„ «a 
% ■■■)' "-^ ^^ same roots. 



y Google 



154 rtTNCTIONS OF SQUARES. 

Since tbe function <^ is not symmetrical, unless the wth 
root of p can be extracted exactly, it must change whenever 
we transpose two roots, x^ aij, for example; but the relation 



will always be satisfied. Besides, the function F being 
invariable by this transposition, the values of i^ are the 
roots of the equation y'' = F, and we have 

</i(a^ a;,, a;,, ■■■) = a^(3?i, x^, x^, ■■■), 
a being an nth root of unity." 

It now becomes important to know the deiioitioii of a 
symmetrical function. 

" Whenever a function of several quantities does not 
change when we exchange, between themselves, in every 
possible manner, the quantities which it embraces, this 
function is called symmetrical" (Serret's "Cours d'Algebre 
Superieure," 170). According to this definition, if afunction 
changes at all when two of tbe quantities which it involves 
are exchanged, it is not symmetrical, although it may not 
change when another two are exchanged. For example, 
take the function, ab -\- ac -\- a/1 -\- he -\- bd, of the quantities 
a, b, c, and d. If we exchange a and b, we have ba + be 
-\-hd-\-ac + ad, which is identical with the first function. 
Also, if we exchange c and d, the resulting function is iden- 
tical with the first. But if we exchange a and c, we have 
c6 + ca + cd + ba + hd, 

in which we have ed where we at first had ad,. In like 
manner, if we exchange a and d, we have a function with 
cd in place of ac. If we exchange h and c, the resulting 
function replaces bd with cd. Also, if we exchange b and d, 
we see that be is replaced with cd. From this we know 
that because a function is not symmetrical, it does not 
necessarily follow that its value changes whenever two of 
the quantities which it involves are exchanged. Although 
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it is not proven, it appears that iu this particular case the 
function actually does change its value with each inter- 
change of the I'oots of the equation. 

Resuming the demonstration : " If we transpose tlie roots 
Xi and 3^ there comes 

<l>(x„ aij, ift„ ■--) = K,^{a;a k„ x^, ■■•), 

from which, on multiplying in order, 



This result proves that the number n, supposed prime, is 
necessarily equal to 2. Then the first radical which occurs in 
the value of the unknoicn inust he of the second degree. This 
is what happens, in fact, for the equations which we know 
how to solve. 

The function ijt having only two vakies, changes with every 
transposition, and will not be changed {No. 493, Serret's 
"Cours d'Algebre Superieure ") by a circular substitution 
of three or of iive letters, because each of these substitu- 
tions is equivalent to an even number of transpositions." 

Since the mere fact that a function is not symmetrical 
does not necessarily prove tliat it will change in value by 
every exchange of two letters, it is allowable, till the con- 
trary is proved, to suppose that possibly some of the trans- 
positions do not change the value of the function. If this 
is the case, it may be changed by a circular substitution of 
three letters, if two of the letters by being exchanged do 
not affect the value of the function, although the function 
admits of only two values. 

Returning to Wantzel's demonstration : 

" Continue the series of operations indicated to form the 
value Xi of x. 

We will combine the first radical with the coefficients of 
f(x) = 0, or the function if> with some symmetrical functions 
of the roots, with the aid of the first operations of algebra, 
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and we will thus obtain a function of tlie roots susceptible 
of two values, and, consequently, invai'iable by tlie circular 
substitution of three letters," 

That a function is susceptible of two values does not 
necessarily prove that it changes its value with every trans- 
position of the letters involved, and if by some interchange 
its value does not change, it is not necessarily invariable by 
the circular substitution of three letters. 

"The subsequent radicals will be able to give still some 
functions of the same kind, if they are of tlie second degree. 
Suppose that we let « be a radical for which the equivalent 
rational function is not invariable by these substitutions ; 
designating it always by 

In the equation ^" = 2? 

we still make p = F(xi, x^ x^ ■ ■ ■) ; 

this function will not be symmetrical, but only invarialtle 
by the circular substitution of three letters. If we replace 



by iBj, its, X, 

in <f>, the relation •^'' — F 

will always remain ; and, since F does not change by this 

substitution, we have 

<f (a,-„ 3^, ic,, x^ ■•■) = «^(a!i, a% x^, a;,, .••), 
« designating an nth root of unity. 

"By malting in this equation the circidar substitution 

and by repeating this substitution, we will have 
^(xs, x„ x^, x„ ...) = a4>{x^, x^ x„ x„ ■■■), 
<ti(Xi, »y Xs, Xi, ■■■') = a<t.(x^ x„ Xi, x„ — ); 
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then, by multiplying together the three preceding equations, 
we will conclude that 

«' = 1. 

Thus, n will be equal to 3. 

If the number of the qua,ntities Wj, % a^, x^, ■•■ is greater 
than four, or if the equation /(ai) = is of a degi'ce higher 
than the foiuth, we will be able to effect in a circular 
substitution of five letters, for example, 

(«i, rtTs, % % x^ ; 

the function F will not change by this substitution, and 
we will have 

<ti(x.j, Xs, a;,, STj, iCi, •■■) = a<f>(xi, % x^, x^ %, ■■•); 
then in repeating from another part the same substitution, 

^{3%, Xf, x^, Xj, Xs, — ) = rt^(.% Xs, x^, Xi, Xi, ■■■), 

By multiplication we obtain 



which involves « — 1, since « is a cube root of unity." 

It has been shown that F was invariable by the eircnlar 
substitution of three letters. Since 



in order that F may be iiTvariable by the circular substitu- 
tion of five letters in <^, it is necessary that by this circular 
substitution of five letters, w cannot take more than three 
values. Until the contrary is proved, it is allowable to 
suppose tbat it is possible for « to take more than three 
values. And since a number can have only three cube 
roots, F(= ^ will then be variable when we make in ^ 
a circular substitution of five letters. 

If « is eqnal to 1, then ^ must be invariable by the 
circular substitution of five letters. But there is nothing 
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in the hypothesis to indicate that such is the ease. If ^ 
ia not invariable, then a is one of the imaginary fifth roots 
of unity, and cannot be at the same time a cube root of 
unity. If, by hypothesis, a is a cube root of unity, then it 
is not shown that the equations given above are true. There 
being five members of equations, each of which is equal to 
some other multiplied by a, and itself divided by a is equal 
to one of the others shows that the a used in this case is 
either unity or an imaginary fifth root of unity. If it be 
unity, a is invariable by the circular substitation of five 
letters, and if it be an imaginaiy iifth root of unity, it can- 
not involve « = 1. If the F here used is the same as the 
symmetrical function F ased in the earlier part of the dem- 
onstration, then the only condition we can put on a. is 
that it is a fifth root of unity. Also we will have 

^(xi, x-i, % x^, x„ ■■■) = ce0(iBi, Xj, x^, Xs, ^u ■■■) 
= fij>{X3,X^, Xs,Xu x^ ...) = y^(x^, X„ Xt,X^ x^ ••■) 
= St^Ca^j, Xi, Xj, %, Xf, -■■), 

where 1, a, ji, y, 8 are the fifth roots of unity. Pvoiii this 
we see that a cannot be equal to 1, and therefore is not a 
cube root of unity, and ^ is not invariable by the circular 
substitution of five letters. 

"Then, if the degree of the equation is greater than 4, 
the function ^ is invariable by the circular substitution of 
three letters, which is contrary to our hypothesis." 

The function i^ cannot be invariable by the circular sub- 
stitution of three letters unless « = 1, which, ut supra de- 
monstravimus, is not the case. 

"Then, all the radicals involved in the expression of a 
root of a genera! equation of a degree greater than four 
must be equal to rational functions of the roots, which 
functions are invariable by the circular substitution of three 
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This conclusion is based upon the supposition that « = 1, 
which, as we have before showu, is not the case. 

" By substituting these functions in the expression x^, we 
arrive finally at an equality of the form 

which must be identical ; but this is impossible, since the 
second member renders invariable when we replace x^x^Xs 
by x„ 1% «), while the first member evidently changes." 

If a is not equal to one, the second member may change 
with ea«h exchange of the quantities x^ % ^' "■- I^ some 
of these quantities are equal to each other, then no change 
will be caused in either member by interchanging those equal. 

" Then, it is impossible to solve by radicals the general 
equation of the fifth degree, or of a degree higher thair five." 

If we should lerept his demonstration as true, we would 
be foitel to the conclusion that the general equation of a 
degiee hiahei than four wis lestitute of roots. The con- 
clusion of Wantzel that the roots cannot be indicated in 
algebi'ucal language is equivalent to saying that there are 
no loots since it is ibsuid to say that finite quantities exist 
which cannot be expiessed m dnj function or other finite 
quantities which aie themsehes symmetrical functions of 
the fiist howevei complicated C'auchy has demonstrated 
thtt an equation of the mtli decree has precisely m roots. 
\Vliile we have n t Icirne 11 v to fona these functions, 
still they must exist 

Note — Tl e ab Dve has part culir reference to an equation of the 
fiftl degree wlieie it is stated that a must he one of the fifth roots of 
un Cy ntl b1 duI 1 be s hstit led tor lifth ia tha,t and similar places. 
It IS proved, though not stated, that when a circular substitution of 
five letters takes place, u is equal to Atb biuee lu an equation of the 
fifth degree it is impossible to have a circular substitution ol more 
than five roots, the degree of tlie highest radical is not greatei than 
five, or, generally, the degree tf llie higheit radical is mt greater 
tlian five, the degree of the c lu itii n 
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INTElil'RETATION OP IMAGINARY QUANTITIES. 

292, General Theorem of Imaginary Quantities. — An Im- 

aginary QiiantUy is tJie indicated square root of the difference 
of the squares (with its sign clianged) of the bases of two right 
triangles having a common perpenAiaular wMeh is the radius 
of a cirde; two of sudi tnangles lying wholly within the semi- 
circle, and two paHly within aiid partly wUJiout tJte semidixle, 
Dem. — Let ABGE be a, 0. Draw AG, its diameter. Let 
AG, bisected iu 0, be the centre. Draw OE X to AO. Then 
draw the lines or cliords EA and EC; and the Hue EF to 
meet OA extended in F; and the line EQ to meet 00 ex- 
tended in G. Then we Lave by construction four rt. &: 




two in the upper right-hand quadrant, one being wholly 
withui and the other partly within and without the quad- 
rant ; and two equivalent A in the upper left-hand quadrant. 

Designate distance above and to the right of the centre 
0, + ; and to the left and below the centre 0, —. 

Let AO =2c,a real quantity. Then will OE and 00 be 
each equal to +c; and OA and OB be each equal to — c. 
Then will the lines EA, EG, EF, and EG be +, being above 
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the centre 0; and by changing the A to the lower semi- 
circle the lines are inin-as; and the lines FA and CG remain 
unchanged in sign, FA being minus and CGplus. 

Designate all lines by a; to the left and y to the right. 

Then, from the rt. A EOA and EOC, we have the 
equation 

(1) a^ + / = 4c=. 

Aa EA and EC are eqnal by construction, and drawn in 
the semicircle AEC, their rectangle will equal one-half the 
square of AC. As ^C = 2 c, AJf = 4 <■}. Therefore, 

(2) xy = 2^. 

From (1) and (2) we find iC = V2?, and y = ^Tc\ 
Let us now increase the rectangle xij by any real quantity, 
say b, letting (x^+y^) always remain permanent (40"). Then 

(3) xy^2c' + b. 
From (1) and (3) we find 

and ^=(2c' + i?,)i-(-p)*. 

We now meet with this so-called "imaginary," which, 
while it may be seen, we ara wont to call it (only and at 
best) an optical illusion, a kind of "plug," as our early 
mathematicians would call it, "to fill a vacuum so much 
abhorred hy nature." 

We will now proceed to demonstrate that this imaginary 
quantity, ± V— -^6, and all like expressions of quantity, 
are such as is claimed for it in the definition (22), upon 
which the foregoing theorem is based. 

(1) We have shown that BA=^/2e'. Let us assume that 
EJJ'= V27TT&. Then, to find OF, we have 
EF^ - EO^ = oF = {_\/2(?-Vlhf - (cf 
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If we take from OF^, 0^, we will have the difference of 
the squares of the bases of the two rt. &. EOA and EOF. 
Therefore, 

{OF'' - 0Z-") = (c^ + i 6) - 0^ = ^ & i 

and changing its sign, on reversing the subtraction, we have 
— 1 &, the differences of the squares of the bases of the two 
rt. A EOA and EOF. 

Indicating the square root of —\h, we have V— ^h ; 
and it being left of the centre 0, its sign is ininns bj 
hypothesis. Therefore, —^—\b is the indicated sqirare 
root of the difference of the squares of the bases of the 
two rt. A EOA and EOF; and tlie line EF=^2lFT\b. 
Again : As the A EOO and EOC are equivalent by con- 
struction to the A EOA an d EOF, the line EC = V2c^, and 
the line E Q = ^2 c^ -\- ^h, while the line 6C i-epreaents 

+V^T»- 

Therefore, in the expression VSi^ + ^&i V— ^!> the 
imaginary part, (—^6), affected by the radical is, and 
simply means, the indicated square root of the difference 
of the squares, with its aign changed, of the bases of two 
right trianglea, liaving a common perpendicular, the radius 
of a circle. 

By reversing the triangles to the lower semicirele, we 
have the imaginary, —^2<? + \h±^—\b, which is 
represented by the dotted lines BF and BG, the only 
change being that of the sign of the real part of the 
imaginary. 

Hence the theorem, " An Imaginary Quantity," etc. 

293. The real part of an imaginary quantity is either 
plus or minus; and in this respect it does not differ from 
real quantities : the sign of its real part being determined 
by the position it occupies fi-om an assumed ' point called 
ihi centre. 
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294. The product of a pair of conjugate imagiiiaries is 
a jjftis quantity. This is the old nJe, and it is true; but the 
reason given for the rule is false. 

295 Iniagmiiy quantities are added, subtracted and 
dnided the sinie as leal f[uautitiea, but with respect to 
multiyhcation the geneial law go\eining the funttions ot 
the signs plus and minus have been leversed ■when we con 
aider the pioduct of a p^i of imaoinan quantities Tins 
is a gntve nustahe nhy aliould there he an exception 9 
Should there be an exception to the universal law, tliat the 
pioduct of a plus and minus quantity tt, othei than a minw? 
quantitii, the tthnle theory of aiqehiaii (^leiations must full to 
the ground But, happily, theie is no exception to the uni 
veisal law governing the functions of the signs plus and 
minus m algebraic opeiitions There is uo reason for the 
old lule "that thepioduct of two imaginary terms is leal, with 
the siqn before thfi mditdl, as by the cotivmon rule leietsed " 

296. We wiU now give some practiced ilhisiraiions. 
Let it be required to find the product of 
a+^—b, and a — V—!>. 
The operation in full will he, 

(1) a + ^^b 

(2) a-^^T) 

(3) a' + aV^b, multiplying (1) by a in (2). 

(4) _«V^&- (- b), multiplying (1) by -V-b iu (2). 
Adding (3) and (4), we have 

(6) (.«-(- 6). 

(6) rf + ti. 

In (5), —(—6) changes its sign in accordance ivitli the 
law governing the sign — , as used in algebraic operations. 
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Again, (a+^^hf + {a-^^h'f=2a^ + -2h. 
The pi'ocess in full will .be, 

(1) (a + V^rif = «= + 2 aV=^ +-h. 

(2) (« - V^' = «= - 2 aV^ b+-b. 

Adding (1) and (2), we have 2 «' H — 2 b, the middle terms 
having the same niunerioal value, but of opposite signs, 
cancel each other in the process of addition. 

297. If we multiply V— a by V— b, the common rule is 
still in force, as illustrated in the following process : 

(1) +V^^ = VaxV^^, 

(2) +V^=V&xV^ 

(3) V^ X V& = Vab, 

(4) (V^)(V^)=-1. 

(5) ,-. -lxVaS = -Vffli. 

The V^^ may be taken as the universal factor, and its 
square is always >« — l. Properly speaking, (+V— 1)' 
= -| — 1 ; but the real part of the imaginary is 0, and being 
0, + — 1= — 1. We therefore omit the sign + in , the 
operation. The product of + 1 +V— 1 by itself is equal 
to its sqnare. That is, 

^ 1 + 2 V^l + - 1 = + 2 ^^, 

— the numerals + 1, and — 1, cancel one anothei m the 
process of addition; and the law of the signs + and — , as 
used in algebraic operations, is the same as the application 
of the signs to real quantities. 77ien there is iw ea^eptwn 
to tlie universal rule, and imagbiaiij quantities are acldnl, sub- 
tracted, multiplied, and divided the same as teal quantities 
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298. The square root of a binomial stii'd in the form of 
a±Vb may be found when «^— 6 is a perfect squai'e; in 
which case the root may be expressed in the form of aiiotlier 
binomial siu'd. 

299. Returning again to the interpretation of an imagi- 
nary quantity, we notice that the sum of the squares of 
VScr'-f ^6+V— i'' and V2 c° -j- ^ 6 — V— ^ b is a jjZms 
quantity, which is equal to the square of the diameter AC 
of the circle, Fig. 4. The sum of the squares being a plus 
quantity, the imaginary is Eea! (24). We will thus con- 
clude that we have accounted for all Real Imaginaries. 

300. We wUl now take up the other class, known as 
Pui'e Imaginai-ies. To do so, let us take the iniaguiaries 
V2 c' + ^b ± V— -J h, which ai-e real according to the defini- 
tion, and let us begin to decrease tliis imaginary by reducing 
the sum of the squares of the pair. Let us write 

(1) Vc^ + 4-&-fV- J6, and 

(2) -Vc^ + ^b - V-^?*. 

AVhere are we now ? To answer this question let us find 
the sum of the sqiiai'es of (1) and (2). 

(3) (V?4:p-|-V:4^)==c=+^6+2V?+I^V-u+— ^&. 

(4) (V?+p-V^=P)==c'4-J6-2Vc=4-16V-ifi-|--i-?^. 
Adding the results of (3) and (4), we have 

(5) ■ x' + y"- = 2c\ 

As 2 c^ is a real quantity, we are still in the field of the 
Real Imaginary. 

Let us now write the imaginaries 

(6) V^O+V-ib, 

(7) Vifi-V^p. 
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What have we now? 

(9) (Vp-V^p)- = H-2VpV^^ + -ii'. 

Adding the results of (8) and (9), we have 

(10) x' + f^O. 

The real parts of the iiiiaginaries have been reduced to 
such an extent that the sum of the squares lias heconie 
zero. The circle has heen swept away, in consequence of 
which the iimer and outer triangles have disappeared, and 
the only tangihle quantity remaining being the indicated 
square root, with its sign changed, of the difference of the 
squares of the bases of before existing triangles, and its 
numerically equivalent real parts. We are now in the field 
of the Imaginary Ofiyin, which is the dividing line between the 
Seal and tlie Pare. 

301. Referring to Fig. 4, we can readily see, letting the 
expressions (— V— ^i!>} and (+V— -^6) remain permanent, 
that as the cii-cle grows smaller, the lines EF, EG, EA, and 
EC gradually grow less, while the lines FA and QC con- 
tinually approach the centre 0. The angles EFO and EQO 
become smaller as the differ&ice between the intercepted arcs 
which determines their magnitude is diminished. When the 
circle disappears, tlie angles disappear, and FA and CQ 
come together at the centre, and the lines EF and EG 
become the lines FO ami 00, for the point E has become 
merged in the point 0. They maintain, however, their 
original signs. 

302. The sum of the squares and the angles of an 
Imaginary Origin are each equal to zero, and the magnitude 
of the imaginary expression ± V— & is immediately deter- 
mined by changing its sign and extracting the squai'e root. 
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303. Let ua now take tlie numerical imaginary 2 ± V— 4. 
The sum of the sqnares is 0. It is, therefore, an Imaginary 
Origin, and its unit is 1 ± V— 1- Let us decrease its real 
part so that the imaginary will read 1 ± V— 4. 

What kind of an imaginary have we now ? 

(1) (1 + V^^ = 1 + - 4 + 2 V^4. 

(2) (1 ~ V^^)' = 1 + - 4 - 2 V^l. 
Adding (1) and (2), we have 

(3) ^^ + / = _6. 

301. The sum of the sc[nare8 is a minus quantity, and we 
are, therefore, in the field of the Pure Imaghmry according to 
our definition. 

305. Tf the imaginaiy, a ± V— 6, be Beal, then the 
magnitude of the imaginary part, iV— & is a variable 
quantity; and if it be an Iinaginai-y Origin or a Pure 
Tmaginart/, then is ±V— 6 a definite and fixed quantity, 
because its numerical magnitude is found by changmg its 
aigQ and extracting its square root. 

306. We will now conclude that we have aecounted for 
ali kinds and classes of conjugate imaginaries. The ques- 
tion that will now arise in the mind of the thoughtful 
student is this : Wltat shall be done with the general imagi- 
nary, a -\- 6V— 1 ? 

307. The General Imaginary, b + 6V— 3, is the product 
of a pair of conjugate imaginaries; and the imaginary part 
(6V— 1) may be defined to mean the indicated square root, 
with its sign changed, of the difference of the squares of 
the perpendiculars of two right triangles having a common 
base which is the radius of a circle. In this respect the 
general imaginaiy docs not differ from the conjugate iraagi- 
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nary from which it is derived. The folloiriiig theorem 
may he uaed in the demonstration and illustration of the 
1 imaginary. 



30a Proposition. Theorem VI. If a secant, draim from 
either terminus of the diameter of a circle, beproduced to meet 
anotlier line proceeding from the centre of ilie circle, and per- 
pendicular to its diameter, then 
tioic-e tlie square of the secant, 
diminisJted by hvice tJie difference 
between the square of the wlide 
perpeiidicalo/r and tJie radius of 
the cvixle, is equal to tlie square 
of the diameter. 

For demonstration. 

Jj%tABCDh% such circle. Let 
AC he its diameter, hisected in 
O. Let AS he anch secant, 
and OE the whole perpendicu- 
lar. Then prove that 

Fm.6. ^j£E^-2\pE'-0l/-\ = A<f- 

In the demon^tiation let the line AE rfpie=!ent the reil 
part of the general inngiu'iry, ind the line DE the imagi 
naiy pait 

309. Thp „enei il ima;;iniiy I'l J? a1 when the sipTue of 
the real p'ut is numeiitally or algehr'*ici,lly gieatei tlnn 
the square of its imaginary, and when the squaie of the 
real part rs less than the square of the imaginaiy part, it 
is Pure, and when they aie equil, s.g€neinJ oiiqin 




310. The uigns + and — , occuiiing rn gencril 
gate imaginacies, are the result of positron from ar 
point called the centra or origin. 



1 coiiju 
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THE UNIVERSAL SOLUTION. 
Wo will now introduce what shall hereafter be called the 
Universal Solution, and for which we advance the following 
definition : 

311. The Universal Solution is a method by which tlie 
roots of any numerical or lUercd equation can be expressed 
in terms of the coefiicienta of such equation. 

Remark. — General solutions for equations of a degree higher than 
fuur have been looked upon as a discovery to he hoped for, rather 
than expected ; but no one ever dreaineA that a solution, not only 
general, hut universal in its a^licatlon, leould be discovered. Al^ 
demonstrated, we are told, that if an equation, contmniiig literal 
coefficients, be of a degree higher than /our, it could not be solved; 
and, later, Wantzel, in tliat elegant Trench work, Serret's " Cours 
d'Algfebre Sup^rieure, " gives a ratlier plausible demonstration of tlie 
impossibility to solve by radicals any equation higher than the fourth 
degree. But, when Witfts are hidden, by aasuming a false hypothesis, 
the truth is made to assume and partake the nature of such hypothe- 
sis; and, if the hypothesis be true, by false reasoning we arrive at 
incorrect conclusions. We will not attempt to demonstrate the possi- 
bility of a general, or universal solution, but we inill proceed at once to 
that whiclt is higher — the actual aolulion itself. 

GENERAL SOLUIION OF THE FOURTH DEGREE. 

312. We will begin the universal solution with a general 
solution of th.s fourth degree, — it being correctly considered 
that a general solution of the Cubic has been accomplished. 
General solutions are claimed for the fourth by Descartes, 
Elder, Simpson, and others, ~ some of them requiring the 
removal of the second term, while others do not. None of 
them, however, are of much practical use, as they do not 
simplify the solution, and wiU not render- the roots urdess cer- 
tain relations exist between thein. 

313. It may not be out of place, at this time, to remark 
that genera! solutions for equations of any degree, requiring 
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the removal of the second term, are not discoveries of the 
relations that exist between the roots and the coefHcieuta of 
the equation, bnt fitful inventions that do not satisfy the 
mind of the thoughtful and progressive student of oiathe- 
matiea. Such methods are simply devices, applicable when 
certain relations exist between the roots, and are not based 
upon the relations of the roots to the coefiiGients, If we 
possess the knowledge of such existing relations, there is 
no need to apply the device. 

314. Wo will now take up Cardan's method, and inter- 
pret the meaning of the imaginary expressions in what is 
generally known as the "irreducible" case. Take the gen- 
eral equation a? + rru^ + nx + q = 0, which becomes, on re- 
moval of the second term, either 

(A) x"'^px' ±q = ii, 

or (jff) ^ +jKc' ±g = 0. 

Letting x' = % + -^-, A becomes, by Cardan's formula. 



(C) ir±q^ = 



27' 



Solving (C) by quadratics, we have 



IS'ow, by letting x = x' + —, the roots of the general or 

original equation are obtained. 

When the roots of (A) are all real, and two of them equal, 

there is no need to apply Cardan's formula; because l-^j-j 
renders one of the equal roots, —~ being always a perfect 
square when two of the roots are real and cquiil. 
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Eepresentiiig the roots of (j4) by a, a, and —2 a, then 

(x- a){x- d){x + 2a) = 3? -^a? + 2a? = 0. 

Putting — 3 «^ = — p, changing signs, and taking the square 

root of both members, we have a==-^-^. When two of the 

roots are imaginary we may represent them algebraically 



by a+-\/-~l, a — ^~ I, and — 2ffl, or the signs of the r 
parts may be reversed. Then on multiplying together 
(a;^a+^/^{x-a-V^(x + 2a), 
= a?±(3a? + l)x-+2a{a^ + l) = 0. 
When I is numerically greater than 4 a", the coefficient of x 
will be jjZms; and when 4 »^>?, the coeffteient will be nihms. 
Letting 3? ~{3a? + I)x + 2a(a' + r)^af ~px + q = 0, I 
may be found in terma of p and q ; and p and 9 in terms of I. 
By an algebraic process we arrive at the formula 

(z>) ep-vi+8lVi=^/2^Y^^i^. 

D gives us a formula by which I may be found as a real 
quantity, which may be illustrated by the solution of 
(S) a?-2ai-5 = 0. 

E containing two imaginary roots, applying formula (JJ), 
we have 
{F) 12Vi + 8;V;=v'645. 

Squaring both sides of (F), and dividing by 64, we have 

{G) P + 3F + IZ-V/. 

(1) Hs found from (G) to be 1.290359+. 

(2) . ■. 3 «' - 1.290359 := 2. Whence 

(3) a =-^^:^5~ = 1.047275+. 

(4) .-. 2tt = 2.09455+. 

(6) .-. The roots of (E) are 2.09155+, and 
- 1.047275 ± V- 1.290359. 
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-315. When 2tif-\-i]f is tninus, the roots are <M recti, 
but unequal; and when plus, only one real root, and two 
imaginaiy roots ; and when %ero, the roots are all real and 
two of them equal. This will be found to be true of all 
cubic equations in the form ots?±px±q~0. 

formula la +, only one real and two imaginary roots; and 
when minus, the roots are all reai, but unequal ; and when 
zero, all real, and two of them equal. 

316. It now being known that the roots of any cubic 
equation can be expressed in terms of its coefHcients, that 
if we can change an equation of the Foui-th Degree, or an 
equation of any degree higher than four, to an equation of 
the t/iird degree, that the roots of the given equation, 
whether it be of the fourth degree, or of a degree higher 
than four, can likewise be expressed in terms of the co- 
eificients of the given equation. Then, to evolve a general 
solution of the fwirth degree, we must change it to an equa- 
tion of the third degree whose coef&cients are functions of 
all the coefficients of the fourth. That is, the coefficients 
of the third must be made up from true combinations of 
the coefficients of the fouHh. A failure to thus reduce the 
fourth to an equation of the third degree must necessarily 
give us a formula as faulty as the old, — for none of the old 
methods for solving the fourth are trite; and they cannot 
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ratica to a cubic by any of the old methods, ami then find 
the roots of auch cubic by the Horner method, and with 
these roots the roots of the fourth, he will come to the con- 
clusion that none of the old methods will form a true cubic 
in all cases. Take, for such trial, the numerical equations, 

(1) a;' + 7 a^-l- 16 3^ + 26.25 k + 11 = 0. 

(2) a^-22iB« + 151iK=-3S2K + 217 = 0, 

(3) a;* + 17 a;' - 22 3^ - 117 a; - 11 = 0. 

317. We will now proceed to a general solution of the 
fourth degree, which will be found to be true and universal 
in its application to all kinds and classes of equations of 
the fourth degree. Our aim shall be to bring it within 
the comprehension of all who understand the formation of 
equations. 

318. Let, for convenience, the quantities a, b, c, and d 
represent the roots of the general equation of the fourth 
degree, which is 

(H) x^ + ina? + na^ + ox + q ~ 0. 

The following relations of the roots to the coefRcienta are 
known to exist : 

(1) a + b + c + d==~',n. 

(2) ab + ac + ad + be +bd + cd = -i- n. 

(3) ahc + ahd -f acd + hud = — o. 

(4) o,b<id = -f 5. 
I'rom (2) we can form the following quadratics : 
ie) / + («& + cd}y + g = 0, 

(/) /+(cic+M)y + 9 = 0, 
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Letting ab + al = s, ac + bd = t, (id + 60 = u, and sub- 
stituting these values in (e), (/), and {g), on innltiplyiug 
the three quadratics togetlier, we have 
(/) ^^ + (s + i + m) / + [(si + SH + (w) + 3 ff] ^ 
+ [2g(( + s4-M) + '«M]/ 

^lq{t3 + tU + SU) + Zq^-\f 

+ qHs + t + u)y + <f = (i. 
Ey Th. IV. [Art, 178 — Functions of Squares] we form 
this equation of the sixth degi-ee, having for the sum of- its 
I'oota the products of the roots talten two and two, and rep- 
resented by ah, ac, ad, be, bd, cd ; 

(,7) f + mf+(-mo-~q)y*+[im^-2n)q+2nq+(_o'-2nq);\f 
+ [ff (om ~iq) + Sq'-\f + q^iJ + ^ = 0. 
The roots of (7) and (J) being equal, on comparing term 
by term with each other, we have 

(1) s + t + u = n. 

(2) st + m + tH= (mo -45) = (mo — ff) - (+ 3 9). 

(3) m = i(m' -~2n)q + {a?^2 ,i^)] 

= l(m'-2n)q + 2nq + (o' -2nq)^-2nq- 
From (1), (2), and (3), we form the cubic 
(K) f + nf + {m.Q-Aq)y + {m' -2n)q+{<^-2 nq) = 0. 
All the coefficients of the general equation {H) ai'e repre- 
sented in the formula {K). The roots of {K) are readily 
seen to be no other than the sums of {ab -f cd), (ac + bd), 
and {ad + bc). When these sums are found from (.ff), by 
substituting their values in the quadratics (e), (/), and (g), 
the quantitiea ab, ac, ad, be, bd, and cd become known by 
the solutions of the quadratics. Then, 
__ f fflc X ad ]i f be x bd ]i 
{ cd J ' I cd J ' ' 
for the quantities a, b, c, d, or xi, x^, x^ and x,. 
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Remabk. — It requires no course of reasoning to convince tlie 
reader that (ff ) is a true formula for all equations of the fourth degree. 

319. Again: Let a'n~ab+cdi b'n=ao+bdi c'n=ad+bc. 
Then (y + a'n) {y + b'n) (j/ + c'n) = 

(L) f+n(a'+b' + c')f+n\a'b'+a<c'+b'c')y + n\i'b'c' = 0. 
The coefficients of (L) and (/£") being equal, we have 

The I'oots of (M) being represented by a', b', c', which, 
when obtaiuecl from (M), by multiplying, respectively, by n, 
renders the quantities (ab + al), (ac + bd), and (ad + be), 
either (IC) or (M) may be used, but in our opinion (7f ) has 
the preference. 

320. K and L are not the only formulas that may be 
solution of the fourth degree. 



(H') ^ + mar' + «ii^ + oa! + ^ = 0. 

By Th. IV., we have, letting o represent the sum of tlie 
roots, 
{N) X^ + ox^ 4- nqs? + inq-x + 5' = 0. 

Multiplying (//') and (_N) together, we have (writing y 
for «), 
(0) ?/+(m + o)/+(n + '«o + )t5)/+(o+0'H-miig+ mg^)^ 

4- (nq^ + oiivf + nq^ ;/' + 9* ("i + o) »/ + 9* = <>■ 
From the relations of the roots to the coefficients (Art. 
318. 1, 3) we can form the following quadratics : 

(1) /+(«.+ 6cd)y + 5-0. 

(2) f+ib-{-accVjy + q = <i. 

(3) f + {e + abd)>J-\-q = 0. 

(4) f + {d + abo)y + q^O. 
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Letting the quantities s, t, u, and v represent, respec- 
tively, tlie coefficients of y in the quadratics, by substitu- 
tion and multiplication, we have 

+ (G<f + 2qp,)p*+:-+q%s + t + u + v)y + q>=0, 

The coefficients of (0) and (P) being equal, we can form 
by comparison the following biquadratic : 

(Q) f + (m+o)f + l(n + 07>i + ng)~iq']f 
+ [(" + "^ + ™i5 + wi?^ — 3 q^'\y 
+ l('i + o' + n'q + mY + ^)'] 
-lG^ + 2q[_{o + on+mng + nq)-3q(m+o)]\=0, 

(Q) may now be reduced to a cubic by formula (K) 
(Art. 318). The roots of the cubic will be 

r (1) aft + «c + cd (a= + b^) + ab (»f + ^ + q («-6 + cd). 
I (2) ae + bd + bd{c^ + a'^ + acib^ + <^ + q(ac + bd). 
[ (3) ad + bc + be («= + ^) + ad(e' + b^+q {ad + be). 
Tlie sum of these quantities is represented by 
(h + TOO + nq) -iq 

of the general equation. 

Letting the quantities A, B, G, and D represent the co- 
efficients of y, y'', tj', and y" in (Q), we bave, by application 
of the formula (K), 
(R) y"+Si/'^+lAC-iDy+{A'-2JB)D+(C''-2BD)=0. 

It is now seen that the quantities represented in (1), (2), 
and (3), complex as they really are, can be separately ex- 
pressed in terms of the coefficients of the general equation; 
aud finally, the quantities a -{-bed, b + acd, ■■■; and lastly, 
a, bed, b, acd, ■■-, can be separately expressed. 
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321. We will now give a few practical ill n strati on s of 
the application of formula (K) in the solution of numerical 
equations of the fourth degree. . 

Take the following equations : 

(i.) K*4-2ic' + 2iK= + 23T + l = 0. 
_ (ii.) iB* + 43!^ + 79!^ + 7a!+6 = 0. 
(iii.) a^ + 6 a^ + 18 a^ + 36 a: + 36 = 0. 
(iv.) a^-laf-tf 24.5 ar' + 14 a; + 4 = 0. 
(v.) ^-l^ + lx^^^x + ^ = (i. 
(yi.)a;^-l = 0. 

(vii.) a!*-14a!' + 71a^-154a; + lU = 0. 
(viii.) a;^-lla^-5a^-a;-l = 0. 



From (i.) we have the cubic 

(e) f + 2f±0y±(ix ±0 = 0. 

Dividing by /, we have 

2/ + 2 = 0. 
"VVlience, ;/ = — 2, and ± 0, and ± 0, and the three quad- 
ratics will be 

/ + 2;/ + l = 0, 

/± 03/ + 1 = 0, 
/ ± ;/ + 1 = 0. 
It is seen that the roots of simple equations, like (1), can 
be solved mentally, when desired. 
From (ii.) we have the cubic 
(/) / + 7;,^ + 42/-23 = 0. 

Solving (/), we have 1.431+ for one of the roots, and 
one of the quadratics will be, the root being real, 
y^ - 1.431 ^ + 6 = 0. 
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The other two roots of (/) can bo found, from a qiiadrcLtie. 

From (iii.) we have the cubio 

(g) 7/ + 18f+72y±0 = 0. 

Dividiiig by y, we have 

f + 18i, + 72 = 0. 
Therefore, one of the quadratics will be 

f±Oy + m = 0. 
The other two being obtained from the solution of the 
quadratic, 

7f+lHy + 72^0. 

From (iv.) we have the cubic 
(li) if 4- 24.5 / + 82 1, ± = 

(dividing by y) =f-^ 24,5 ?/ + 82 - 0, 
From (v.) we have the cubic 

(*■) / + |f-My±o = o 

(by division) =y= + 2^_|fl„o. 

From (vi.) we have the cubic 

(j) ',f±(\>f + ^y±0 = 

(by division) = y^ + 4 = 0. 

From (vii.) we have the cubic 

Qc) y' - 71 / + 1712 y - 13948 = 0. 

The biquadi'atic (vii.) may be more easily solved by sepa- 
rating the equation into the following quadratics : 

3^ - 7 a; + 11 + VIO' = 0, 
ai^ - 7 a; + 11 - VW = 0, 

(Art. 186, Functions of Squares.) 
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It is seen that when {m^ — 2ii) and {d'-~2nq) are each, 
respectively, 0, the formula reduces the biquadratic imme- 
diately to an equation of the second degree. It will also 
be noticed that no attention is given to signs and character 
(real or imaginaiy) of the roots till they are <3 
the solution. 



GENERAL SOLUTIONS HIGHER THAN THE FOURTH 
DEGKEE. 

322. We have shown that an equation of the fourth de 
gree raay be changed to an equation of the i^ulJi debtee, and 
to an equation of the eighth degree, and that the coefficients 
of the sixth and eighth are functions of the coefficients of 
the fourth. As the same uniTeiaal law enteis into the 
formation of equations of all degieei, the same uni^eisal 
relation exists between the roots and the coeftioient^ of 
equations of all degi'Ces. Then, any equitum highei thin 
the fourth may also be changed to an equation hiqhet oi 
lower than the given equation. An equation of the jiflh 
degree contains five roots, and no "inoie The gieatest num- 
ber of combinations of these roots enteimg the equation, 
and taken in pairs of tvxi and ftoo, is ten The same num- 
ber of combinations is found when the roots are taken three 
and three. Therefore, letting a, b, c, d, e, represent the roots 
of the fifth, ab, ac, ad, ae, be, bd, be, cd, ce, and de will repre- 
sent the product of these roots taken two and two. There 
being ten of such quantities, we can form an equation of the 
teiilh degree; also, an equation of the same degree from the 
product of the roots taken three and three. These two equa- 
tions can be multiplied together, and we will have an equa- 
tion of the twentieth degree, the coefficients of which will 
be functions of the coefficients of the fifth. We may also 
form an equation of the tenth degree by combining each 
root with each product of the roots taken fonr and four. 
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Thus : a + bcde, b + acde, c + abde, d + abce, ajid e + abed. 
This will give the following quadratics r 

3^ + {a + bcde)x + q=0, 

a? + (b + acde) x + q = 0, 

a? + (c + aMe)x + q = 0, 

of + (d + abce)x + q = 0, 

s? + (e + abed) x + q = (i. 
On multiplying together we have an equation of the feii!A 
degree, built by the product of jfiue quadratics. It will be 
shown that the coeffieienta of the new equation are com- 
binations or functions of the coefflcienta of the ffth. In 
the same way we deal with equations of the sixth degree, 
sev&ath degree, and so on. 

323. Even decree equations, higlie}- tlian the second, can be 
a^arated into the quadrcUio equations that miter into their 
formation. 

324. The absolute terma of the quadratics that enter 
into the formation of even degree equatlona are quadratic 
factors of the equation from which they are derived. An 
equation of the fourth degree haa too quadratic factors ; 
the siaSft degree, three; the eiglUh degree, four; the tenth de- 
gree, five; the tweljih degree, six; and so on, for even degree 
equations. 

325. The quadratic factors of the fourth will form a 
quadratic; the q odrit l f utors £ tl e s H/ w 11 fo a 
cubic, and the cul c can be c! angel to a quilritc the 
quadratic factors of the e ghth w 11 form a. b-q d aUc, 
which can be changed tn a c 1 c and the cul ic to i i ad- 
ratic ; the quadratic fact rs of tl e te th 'v. ill for n a fifth, 
which can be raiaed to a sixth and the s xth cha ge 1 to a 
cubic i the quadrit c i\ tori of t! e / rfff/ w 11 fo as xtli, 
and the sixth can be h ri^vH to a c b Tl s tl i vo- 
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cess by wliicli we are to arrive at general solutions for etjua- 
fcioDS as high as the tivelfth degree. 



326. The great labor requi 
which odd degree equations, hi 
rated into a cubic and quadrati 



red to obtain a formula, by 

than three, can be sepa- 

Lc, or changed to a cubic, ; 



the unsatisfactory results of such a formula (as will appear 
further on) leads us to include thejiflh in a general solution 
of the sMk; and the seventh, in a general solution of the 
eighth. 

GENERAL SOLUTION OP THE SIXTH DEGREE. 

327. We shall now proceed to a general solution of the 
sixth degree. The general equation is 

(S) 3^ + mx" + nai* + 03!* +px^ +tx + g = 0. 

Let {S) be built by the product of the following quad- 
ratics : 

(i.) ^ + -x + y^O, 

(ii.) a^ + ^a;-|-a = 0, 

(iii.) <c' + '^x + w = 0. 

On multiplying together the three preceding quadratics, 
we obtain : 






ijz + yw + SK + n 
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The coefficients of (S) and (T) being equal by hypothesis, 
and an hypotliesia which.' is ti'ue, because six quantities aie 
considered, viz. : y, is, w, and -, -, and -, the quantities y, 
z, w are the quadratic factors of (T), also of (S). It is 
evident that when y, e, and w become Itnown, that by sub- 
stituting their values in (2"), that -, -, and - can be ob- 
tained. Then, by substituting these values in the quadratics 
(i.), (ii.), and (iii.), the roots of the general equation (S) can 
be expressed in terms of its coefficients. 

FOKMUL^. GENERAL SOLUTION OF THE SIXTH DEGREE. 



("-: 


'---(iF-i;)-^ 


(iii.; 


) Then g^yzw. 




,_^._?!5?^.+2»'^ 



When A is obtained from (i.), y + z + vj is found from 

either w— — , or — - — ^^: and when B is obtained from 

A 2m 2 A' 
(ii.), yn + yw + zw is found from ^-f^_^V or — 

When A = B,-, -, and - are equal, while q in ail cases 

remains 2>err)ianent, and hidependent of the vcUues of A or B. 
While A has three values, and B four, a little practice on 
the pai't of the reader will enable him to easily determine 
which value is to be taken. Should the roots of the sixth 
be all real and unequal, or real and imaginary, the roots, in 
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many instances, will be found in the form ,of incommensur- 
able roots ; but in all cases the roots thus obtained will dearly 
indicate whether t/te root is integral or fractional. 

328. Before proceeding further, we shall now give a few 
illustrations of the application of the formula in the solution 
of all kinds and classes of equations of the sixth degree. 

Let it be required to find the roots of the following equa^ 
tiona: 

(1) a^-8=0. 

(2) 3^ + 7 = 0. 

(3) (e"-7a^-|-7 = 0. 

(4) 3^ + 13 9.-* + 64 iB* + 154 !«- + 103 a; + 121 x + .10 = 0. 

(5) a.-"-21ar>+175 3^-735!e5+1624a!=-1764!B+400 = 0. 

(6) '.<? + 10 a? + 43>- a,-* + 117.04 a? + 162.33 3? + 96.66 x 

- 27 = 0. 

(7) k" - 60 a? + 1411 a.-* - 17040 :^ + 115099 9? - 3739S0 x 

+ 467467 = 0. 

(5) a!= ~ 34 X' + 450 a* - 3134 :■? + 11348 o9 - 20520 x 

+ 14400. 
(9) iK»-6a/' + 12a,''-8a,-'-13;i-= + 26,r-7 = 0. 
From (1) we have the cubic 
(o) !r'-8 = 0. 

Solving (a) we obtain, for the quadratic' factors of (1), 2, 
and — 1 ± V— 3. The quadratics will be 

afl±0a:-2 = 0, 
a!'±03! + l+V'^ = 0, 

which, solved, will give the roots of the equation. 
From (2) we have the cubic 

(6) ,f + 7 = 0. 
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Solving (6), the roots are obtained as ii 
From (3) we have the cubic 



The roots of (c) are all real but unequal (Art. 315). 
The roots are. found to be 1.3569+, 1.6920+, and 
-3.0489+. The quadratics will be 

i>f±Ox- 1.6920 = 0, 
3^±0x + 3.0489 = 0, 

and the solution of which renders tlie roots of (3). 
From (4) we have the cubic 

(d) f + 9.96 + / + 30.99 + y + 30 = 0. 

The solution of (cl) gives - 1.99+, - 2.99+^4.98+ nearly, 
which clearly indicates that the roots ai'e, or should be, 
-2, -3, and -5. 

The quadratics will then be 



Substituting for m its value 13, and multiplying together 
the three quadratics, or substituting directly in (T) the 
values of y, z, and w, the quadratics complete will be 

9^ + 6!e + 5 = 0, 
3^ + 4a; + 3 = 0, 
3^ + 3a: + 2 = 0, 
which, solved, give the roots of (4). 
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From (5) we liave the cubiu 

(e) / - 128 f + 252 y - 400 = 0. 

Solving (e), we obtain for the quadratic factors of (5), 
-2, -13+V^31, and -IS-V^Tsi. 

A and £ are found to be equal. Therefore we write the 
eoiuplete qxradratics 

^-7a! + 2 = 0, 
ar' - 7 a; + 13 + V^^Sl = 0, 
9;^-7a; + 13-V^^^ = 0, ■ 
which, solved, render the roots of (o). 
From (6) we have the cubic 
(/) yi + 12 j/5 + 28.998 + y - 27 = 0. 

Solving (/) the quadratic factors of the difficult equation 
(6) are obtained. When these factors are obtained, by sub- 
stituting directly in (T), -, -, - are obtained. 
From (7) we have the cubic 
(9) jf' _ 241 / + 1SC99 y - 4594S!) = 0, 

the roots of which are 77, and 82 + V653, 82 - V653. 

A and B are found to be equal ; therefore the complete 
quadratics will be 

93= - 20 w + 77 = 0, 
3T'-20a;-|-82+v'S53 = 0, 
re= - 20 ie + 82 -- VC53 = 0. 

Solving these quadratics, the roots of (7) are obtained. 
From (8) we have the cubic, 
(7i) f - 73.99 -f j-^ + 1799.998 + y - 11400 = 0. 
Writing the equation 

jr' - 74 / + 1800 y - 14400,- <■' 
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Solving this last equation, we obtain 20, 24, and 30 as 
the quadratic factors of (8). 

A and B being unequal, the quadiatics cannot be im- 
mediately formed, and we must therefore substitute the 
values of y, s, and w, which ai'e now found to be 20, 24, 
and 30, in (T). Having done this, we obtain the complete 
quadratics, which are 

a^ - 11 a; + 24 = 0, 
ir'-ll3; + 30 = 0. 

Solving these quadratics, we obtain as the roots of (8), 2, 
3, 5, 6, 8, and 10. 
From (9) we have the cubic 
CO /±Of-132/-7 = 0. 

The roots of (i) are all real (Art. 315). A and £ being 
equal, this difficult equation (9) is readily solved, as soon 
as the roots of (i) are obtained. 

329. Leaving the sixth for further consideration, we will 
now turn our attention to the general equation of the fifth 
degree, which is 
(F) 9? + inv^ + nx^ + Oi? +px + q = 0. 

The coefficients n and o represent the greatest numbei' of 
combinations of its roots. The number of combinations 
represented by n is ten. Each combination is the product 
of two of the roots. With these ten combinations ae roots, 
we can build an equation of the tenth degree. Such an 
equation will be, according to Th. V. (Ai-t., 179, Functions 
of Sqiiai-ea), 

+ f(2Hp-3m9)+K-2)0P+[o'-2(jm-m?)](/ 
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The coefElcieiit of -jf represents the sum of oae hundi'ed 
and twenty combinations. If the reader will take the 
pains to form the coefficient of if, he will admit that the 
task is no easy one, and that it requires much patience and 
a vast amount of mechanical labor. 

Letting the quantities ah, ac, ad, ae, be, bd, be, cd, ce, de, 
represent the roots of (W), we may form an equation of 
the tliird degree from one of the following seta of the given 
quantities : 

(1) cd + de, 

(2) ah -^ a,e -{- ad -\- ae, 

(3) hc + l>d+be + ce. 
(1.) a{b + c + a + e), 

(2) b(c + d + e), 

(3) cid + e) + de. 

Or we may form a quadratic from the following com- 
binations : 

(1) ab + ac + hd + de + ce, 

(2) ae + ad + bc + be + cd. 

We have carried the nivestigation far enoiigli to be con- 
vinced that the combinations can be made, but the labor 
will be great and the formula very complex. 

330. Changing (F) to another equation of the JlJiJt de- 
gree, the roots of which will be the products of the roots 
taken four and four, the coefficient of x represents the 
sum of such roots. We may, therefore, write, by the aid 
of Th. v., the following equation : 

(X) a? + pt-} + oq)? + MgV + mi^a: + 5^ = 0. 
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On multiplying (V), Art, 329, and (X) together, we ol> 
tain the equation 

(r) x"'+{m+p)x^+(n+mj)+oq)^+(p+M2'>+'>nog-\-n(f)x' 

+ (pq+poq+onq^+mn^+mg*)x* 

+ {ntf+pm^+og*)x^+q*{m.+p)x+q'=0. 

The roots of (Y) are evidently the roots of the following 
five CLnadratics : 

n? + (a + bcde)x + q = 0, 
jc^ + (6 + acde) x + q = 0, 
a? + (c + abde)x + q = 0, 
a? + (_d + abce) x + q = Q, 
a^ + {e + ffl&cd) x + q = 0. 

Letting, for convenience, the quantities «', b', a', d', e', 
represent, respectively, the quantities a + bale, b+acde, ■-■, 
on substitution in, and multiplication of, the five preceding 
quadratics, we obtain the equation, 

(Z) x"* + {a' + b' + c' + d' + e')x'> + {5q+p2)x^ 
+ [iq (a- +b' + c' + d' + e') +p,-] %' 
+ {10q^ + Zqp^ + p,)3f' 

^{p<f{a! + b' -\-ii' + d' + e') + 2qp, + a'b'c'd'e'Y 
+ ... + qHa' + b' + c' + d' + e')x + (^ = 0. 

The coefficients of {Y) and {Z) being equal, we may now 
^vrite the equation of the fifth degree, whose roots are the 
sums of the quantities {a-\-bcd^), (b+acde), ■••. Then, 
writing y for x, the equation is 
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(A) y' + (»i +;>) J/' + [()t + nw + og)-5g'}f 
+ [(o + np + mo? + nq^ - 4 g{m +i))] jf" 
+ \P + op + )i05 + mitg* + mq^) 

-\W(i' + Sql(n + mp + og)-5q-]iy 
+ (9 + p* + o'? + MV + mV + 9') 

We see that, complex aa these combinations are, they can, 
nevertheless, be formed, and that the snma of the quanti- 
ties (a+hcde), {b + acde), •■■, can be made the roots of an 
equation of the JlftJi degree, and that the coefficients of (A) 
are made up from combinations of the coefficients of tlie 
general equation. We shall now leave the /fth and take 
up the sixtii again. 

331. The coefficients of the second term of the sixth, like 
all other equations, represents the sum of the pTOduets of 
the roots, taken two and two. These combinations will 
form five cubic equations, as follows : 

a? + (ab + cd + ef) a? + (ahcd + ahef+ cdef)x + 3 = 0, 
a? + (ac + de + kf)i^+ (acde + cdicf+ hdef) x + q = 0, 
^-\-{(id + }je + cf)s^+ {ohde + acdf-\- bcef)x + 3 = 0, 
aP + {ae + be + df)a? + {abce + adef+ bcdf) x + q = 0, 
s? + (ffl/ +bd + ce)x' + {ahdf + acef + bcde) x + q = 0. 
Adding these five equations together, and expressing the 
coefficients in terms of the coefficients of the general equa- 
tion, we have 

(B) 5 a,-= + nx' +px + 5q = 0. 
Dividing the equation by 5, we have 

(C) d' + ^x' + ^x + q = (). 

C is a true cubic, and can be used to advantage when the 
roots of the sixtli are equal, and real. 
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The aixtli can also be changed to an equation of the 
Jifteentli, twentieth, and twelfth degreus. 

GENERAL SOLUTION OF THE EIGHTH DEGREE. 
332. The geneial equation of the eighth degree is 
(Z») a^ + ma? + wa^ + oa^ +pa^ + t^ -i^-u^ -\-vx + q-0. 
Let {D) be formed by the pfoduct of the following 



quadratics ; 






(1) if + ^i: + e = f>, 




(2) a» + |«+/=0, 




(3) ^ + ^», + 5 = 0, 




(4) a» + ^« + S = 0. 



On multiplying these quadratic=c together we obtain an 
equation of the eighth degree, built by the product of four 
quadratics, e, /, g, and A ate the quadiatic factors. We 
are first to consider these factors and then the quantities 

1 1 1 .J 1 



Fomiul(e. General Solution of tlte Eighth Degree. 

■ ('■)^«'»~l3=[i|-§^]-*+-'+' + "' 

(...) "P + 85-[^^ + JgiJ = ^ + Oi- 81 
(E) =ef+eg-ieh+fg+fli + gh. 

(UL) Let. ^r- + — -—"!-- 

= efg + efl,+efk+fgli. 
(iT.)Then « = «rrjS. 



y Google 



GKNEUAL SOLUTION OF Till': KIGHTH DEGREE. 191 

Wheji A, B, and C are found, we may readily form the 
biquadratic, which can be changed to a cubic by formula 
(K), Art. 318. When A, B, and C are eqnal, the sum of 
the roots of the quadratics that build the eighth are equal, 
in which case the roots may be equal; but if the siim of 
the roots of the quadratics is equal, it does not necessarily 
follow that the roots are equal. Wlien the roots of any 
equation (numerical) are equal, it can be easily detected by 
Art. 138 (Absolute Theorems). 

333. We will now give a few practical illustrations of 
the foruuilce (E) in the solution of equations of the eighth 
degree. 

Let it be required to find the roots of the following 
equations : 

(1) af* + 2a*-17a:'-18ar + 73 = 0. 

(2) 3^ - 17 a,* + 67 a.'' + 5 a,-' - B-d^ 9? + 1.736 i? - 2215 x 

+ 1711-0. 

(3) 'J? - 12 J+ 65 :■■? ~ 207 r^ + 371 iv* -255a^- 458 a,-^ 

+ 1185 X - 1211 = 0. 

From (1) we have the biquadratic 
(«) t + f-17f-18y + 73 = 0. 

By formida {K), Art. 318, («) reduces to the cubic 
(&) z' - 17 2^ - 300 z + 5361 = 0. 

The odd powers of (1) being wanting, the coefficient of x 
in the quadratics must be 0. 
From (2) we have the biquadratic 
(c) j^ + j^_67y + 5j/ + 1711 = 0. 

We may now reduce (c) to a cubic. 
From (3) we have the biquadratic 
(r!) j' + l)!/> + 13}'-S!)5}-mi=0. 



y Google 



192 THE UNIVBUSAL SOLUTION. 

Find the values for y in {d), and substitute in the product 
of the four preceding quadratics (1), (2), (3), and (4), and, 
solving by quadratics the roota of the difficult equation (3) 
are obtained. 

But, in determining (d), we iind that A, B, and C, of the 
foMflulje (E), are equal. We may, therefore, write for the 
hrst two terras of such quadratics, 

(i.) «--3., 

(ii.) K'-Si., 

(iii.) x^-Zx, 

(i..) «=-o«. 

When the roots of (rf) are obtained, by substituting their 
values in the quadratics, (i.), (ii.), (iii.), (iv.), which, solved, 
renders the roots of equation (3). 

MISCELLANEOUS SUBJECTS. 

334. The t«rni, general solution, applied to equations, 
means a method for the solution of equations that proves to 
be true in the major. It has been used, however, in a much 
broader sense. Thus, when we speak of a general solution 
of the fourth degree, the meaning conveyed by the term 
(general solution) is that the method applies alike to all 
equations of the fourth degree. It is presumed that a gen- 
eral solution of any degiee equation will render the roots of 
all binds and classes of such equations. This has been the 
accepted meaning in the past. We now question the uni- 
versality of the term as heretofore applied to the solution 
of equations. Not in the major, nor in the minor-major 
cases, will the metliods which have been offered for a gen- 
eral solution of the fourth degree render the roots. They 
ai'e not general, much less universal; and, therefore, cannot 
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